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Data Table: 26 #1, 25 #3, 24 #1, 23 #1, 22 #4, 21 #1, 19 #2, 18 #4, 17 #1, 16 #1, 15 #3, 14 #4,
13 #3, 12 #1 - Calculator or NO calculator

Given a table of data (usually with time and either a rate or amount function), on a closed interval with an
initial amount given (typically at t=0), be able to:

a) Estimate the derivative of the given rate function (by calculating slope using the closest two points
and the slope formula, (change in function) divided by (change in time).

b) Explaining the meaning of your answer from part a in the context of the problem.

c) Use estimation technique (left, right, midpoint, trapezoid) to estimate something.

d) Know how to tell if each technique is an over or underestimate (left and right by
increasing/decreasing; trapezoid and midpoint by concavity).

e) Explain the meaning of the integral expression involving the function in the context of the problem.
(change in amount, final amount, average value)

f) Find the average value of the function using an integral.

g) Given an equation of another function that models the function given in the table or a different
function (working against the function in the table), use an integral to find some type of rate or
amount.

h) Use the IVT or MVT.

2016 #1 Free Response
: 0 1 3 6 8
(hours)
. Rty . 1340 1190 950 740 700
(liters / hour)
Water is pumped into a tank at a rate modeled by - 2000~ /% liters per hour for 0 <t < 8, where £ is

measured in hours. Water is removed from the tank at a rate modeled by R(r) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(f) are shown in the table above. At time
t = 0. there are 50.000 liters of water in the tank.

(a) Estimate R'(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(¢) Use your answer from part (b) to find an estimate of the total amount of water in the tank. to the nearest liter.
at the end of 8 hours.

(d) For 0 =t < 8, is there a time # when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.




I ' : 0 1 3 6 8 Units are only
(;mtr:) graded when
. : 1340 1190 950 740 700 specified!
(liters / hour)

Water is pumped into a tank at a rate modeled by W (f) = ZOOOe"2 /2 liters per hour fg#’0 < f < 8, where f is
measured in hours. Water is removed from the tank at a rate modeled by R(r) litersger hour. where R is
differentiable and decreasing on 0 < r < 8. Selected values of R(f) are shown jf the table above. At time
t = 0. there are 50,000 liters of water in the tank.

(a) Estimate R'(2). Show the work that leads to your answer./Indicate umits of measure;
“difference quotient”

(a) R'(2)~ R(S.)“R(l) _ 950-1190 _

Or liters/hr/hr

= -120 liters.-’ln‘:

3-1 3-1
740 — 1190 , _ _ _ ,
If R'(3) then -1 Choose closest orderd pair NOT including the x — value in question.
! 0 1 3 6 8
(hours)
t
) - 1340 1190 950 740 700
(liters / hour)

Water is pumped into a tank at a rate modeled by W (f) = ’OOOe‘r2 f20 liters per hour for 0 < f < 8, where f is
measured in hours. Water is removed from the tank at a rate modeled by R(r) liters per hour. where R is
differentiable and decreasing on 0 < 7 < 8. Selected values of R(#) are shown in the table above. At time

t = 0, there are 50,000 liters of water in the tank.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

8
(b) The total amount of water removed is given by [0 R(t) dr.

8 . . .
J'O R(t)dt ~ 1-R(0) +2-R(1) + 3- R(3) + 2- R(6) Ensure you specify which function
= 1(1340) + 2(1190) + 3(950) + 2(740) is decreasing. “It” or “the function”

= 8050 liters are NOT acceptable.

This is an overestimate since R is a decreasing function.




t
(hours)
R(t)
(liters / hour)

1340 1190 950 740 700

Water is pumped into a tank at a rate modeled by W (f) = 2000(3’r2 f2 liters per hour for 0 < 7 < 8, where £ is
measured in hours. Water is removed from the tank at a rate modeled by R(r) liters per hour. where R is
differentiable and decreasing on 0 < 7 < 8. Selected values of R(#) are shown in the table above. At time

t = 0. there are 50,000 liters of water in the tank.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank. to
at the end of 8 hours.
.8 /lmportant!
Rt )(dt|=8050

(¢) Total =~ 50000 +

= 50000 + 7836.195325 — 8050 ~ 49786 liters

t
(hours) . 1 3 b ¢
. e 1340 1190 950 740 700
(liters / hour)

Water is pumped into a tank at a rate modeled by W (f) = .2000:2"2 /20 liters per hour for 0 < f £ 8. where 7 is
measured in hours. Water is removed from the tank at a rate modeled by R(f) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(#) are shown in the table above. At time
t = 0. there are 50,000 liters of water in the tank.
(d) For 0 =t < 8. is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.
(@ wW(0)-R(0)>0., W(8)— R(8) <0, and W (f)— R(1) is
continuous.

Note: this was asked again
on the 2026 exam butin a
Yes. more leading way.

Therefore, the Intermediate Value Theorem guarantees at least one
time £, 0 < t < 8, for which W (#) — R(f) = 0. or W(t) = R(t).

IVT: 26, 25, 22,16
For this value of 7. the rate at which water is pumped into the tank MVT: 25,23,19,18,17
is the same as the rate at which water is removed from the tank.




(hours) 0 0.3 1.7 2.8 4

vpll)

(meters per hour) 0 55 | -2 35 |

2. The velocity of a particle, P, moving along the x-axis is given by the differentiable function vp, where vp(t)
is measured in meters per hour and 7 is measured in hours. Selected values of vp(1) are shown in the table
above. Particle P is at the origin at time t = 0.

(a) Justify why there must be at least one time #, for 0.3 < t < 2.8, at which v'(1), the acceleration of MV rr

particle P, equals O meters per hour per hour.

(b) Use a trapezoidal sum with the three subintervals [0, 0.3], [0.3, 1.7], and [1.7, 2.8] to approximate the

28
value of .[o vp(t) dt.

(c) A second particle, Q. also moves along the x-axis so that its velocity for 0 <t < 4 is given by
volr) = 45 Jcm(().%.ﬁ") melers per hour. Find the time interval during which the velocity of particle Q
is at least 60 meters per hour. Find the distance traveled by particle O during the interval when the

velocity of particle Q is at least 60 meters per hour.

(d) Attimet = 0, particle @ is at position x = —90. Using the result from part (b) and the function vp from
part (), approximate the distance between particles P and Q at time r - 2.8,

i 2019 #2 Free Response
Particle Motion incorporated
into the Data Table problem.

1
earsy | 2] 3| 5| 7|10
H(1)
(meters) 1.5 2 6 11 15

The height of a tree at time 1 is given by a twice-differentiable function H. where H(1) is measured in meters
and 7 is measured in years. Selected values of H(t) are given in the table above.

(a) Use the data in the table to estimate H'(6). Using correct units. interpret the meaning of H'(6) in the
context of the problem.

(b) Explain why there must be at least one time . for 2 < { < 10. such that F'(r 2.

(¢) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢t < 10.

) ) . " ) 100x

(d) The height of the tree. in meters, can also be modeled by the function G, given by G(x) - . where

x is the diameter of the base of the tree. in meters. When the tree is 50 meters tall, the diameter of the
base of the tree is increasing at a rate of 0.03 meter per year. According to this model. what is the rate of
change of of the tree with respect to time, in meters per year. at the time when the tree is

50 meters tall?

2018 #4 Free Response
Function is NOT a rate!!

Related rates are
almost always one
part of one free
response question.




Graph AHHIYSiSZ f'(x) or g(x) = [ f()dt 26 #4, 5#4, 24 #4, 23 #4, 22 #3, 21 #4, 19 #3,

(a derivative graph stated or implied) :lg #3; 1I7t#3’ 16 #3, 15 #5, 14 #3, 13 #4, 1243
Calculator

a) Find values of g(x). (area with a sign...make sure that if the lower limit is larger than
the upper limit that you flip the limits and take the opposite sign)

Determine where the relative extrema of g(x) occur. (f(x) changes signs or endpoints)
Find where points of inflection for g(x) occur. (f(x) changes inc. to dec. or vice-versa)
Find the absolute extrema of g(x) (candidate’s test of critical points and endpoints).

d
e) Find the average rate of change of g(x). %

f) Find the tangent line at a given x-value. (point and a slope)

g) Find intervals where g(x) is increasing (f>0), decreasing (f<0), concave up (finc.),
concave down (f dec.).

h) Given a new function defined in terms of g(x) and x (as a composite function or a
product of functions or a quotient of functions), find the derivative of the new function.

i) Find the limit of a function composed of g(x) and some other function. This might end
up being a L'Hospital’s Rule problem.

b
c
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Graph of f

4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

X
line segments, is shown above. Let G be the function defined by|G(x) = I f(t) dr.
0

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).

. . G(x)
(¢) Find lim — ,
x—2 x° — 2x
(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a

value ¢, —4 < ¢ < 2, for which G’(¢) is equal to this average rate of change? Justify your answer.




6

/ “4
2] . N

/ \ Train your students to write this
S R 7 B N R connection immediately.

oA\
T 1A
—4
Graph of f G'(x) = f(x) in any part of the response.

Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = j:f(r) dr.
(a) On what open intervals is the graph of G concave up? Give a reason for your answer.
The graph of G isconcaveup for -4 < x < -2 and 2 < x < 6.

because G' = [ is increasing on these intervals.

6
AR P(x) = G(x)- £(x) + f(x)- G'(x)
/ ; \\ P(3)=G(3) f'(3)+ f(3)-G'(3)
ST [0 N3 | 4 A Substituting G(3) = J‘; F(t)dt =-3.5 and G'(3) = f(3) = -3
2 \\ into the above expression for P'(3) gives the following:
£ P/(3)=-35-1+(-3)-(-3) = 5.5
Geagheot Simplification of
Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four computation is never
line segments, is shown above. Let G be the function defined by G(x) = j'o F(r) dr. requ ired!

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).




6
/ 4
1\ .. Glx)
/ \ (c) Find lim ————.
x—=2 x° — 2x
-4 —= 0 2 4 6
2 \ oo Gx) 0
\ NEVER write: lim ———&
N G(x) 0
Numerator and denominator must Acceptable: lim— m-
x2X% — 2x 0

. . Lril 0l
be written as separate limits.

Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = II:f(I) dr.
G'(x . X 2) -4

lim———=
222X —2 x-22x-2 2 2

lim G(x) = | f(¢)dt = 0.
x—2 <0

311_33}(\" = 3.\'_) =0

L'H:23,21,19, 18]

G(2) = J'ozf(t) dt =0 and G(—4) = j()-4f(r) dt = -16

6
/ ; G(2)-G(-4) _0-(=16) _8
A0 Average rate of change = prar e s ==

Yes, G'(x) = f(x) so G isdifferentiable on (—4. 2) and

\ 1 continuous on [—4. 2]. Therefore. the Mean Value Theorem
i I applies and guarantees a value ¢, —4 < ¢ < 2. such that
. o) =3,
Graph of f

Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = _[:f(r) dr.

(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a
value ¢, —4 < ¢ < 2, for which G’(¢) is equal to this average rate of change? Justify your answer.




Graph of f*
The function [ is defined on the closed interval [—2, 8] and satisfies f(2) = 1. The graph of f”. the derivative
of [, consists of two line segments and a semicircle, as shown in the figure.

(a) Does f have a relative minimum, a relative maximum, or neither at x = 6 ? Give a reason for your
answer.

(b) On what open intervals. if any, is the graph of f concave down? Give a reason for your answer.

6f(x) — 3x
(c) Find the value of lim ———————. or show that it does not exist. Justify your answer.
x=2 X" —=5x+6

(d) Find the absolute minimum value of f* on the closed interval [-2, 8]. Justify your answer.

2023
#4

2015 #5

The figure above shows the graph of f”, the derivative ofa Y
twice-differentiable function £ on the interval [-3. 4]. The
graph of f' has horizontal tangents at x = —1. x = 1. and
x = 3. The areas of the regions bounded by the x-axis and

the graph of /” on the intervals [-2. 1] and [L. 4] are 9 and
2. respectively.

: . : . 3 N 9 0 |
(a) Find all x-coordinates at which 1 has a relative 3 I / 1
maxinum. Give a reason for your answer.

(b) On what open intervals contained in —3 < x < 4 is the
graph of f both concave down and decreasing? Give a
reason for your answer,

Graphoof f*

(¢) Find the x-coordinates of all points of inflection for the graph of £ Give a reason for your answer.

(d) Giventhat f(1)= 3, write an expression for f(x) that involves an integral. Find f(4) and f(-2).




AP CALCULUS AB 2026 » FREE-RESPONSE QUESTIONS

2026 #4

4. Let fbe a twice-differentiable function on the closed interval [—4,4] with f(2) = 3. The graph of
S, the derivative of f, is shown.

“,5)

t t t X
$-3 /210
(-4,-0.5) 14
(-3,-1)
Graph of f’

7 " " - 26 #3, 24 #3, 23#2, 22 #5, 21 #6, 19 #4, 18 #6, 17 #4, 16 #4,
leferentlal Equatlon 15 #4, 14 #6, 13 #6, 12 #5 - NO calculator

Given a differential equation, be able to:

a) Know whether a given slope field represents the given differential equation.

b) Write an equation of a tangent line to solution curve and use the tangent line to
approximate a nearby x-value.

c¢) Find the second derivative of the given differential equation.

d) Determine if a tangent line approximation is greater or less than the actual value by finding
the sign of the second derivative on the interval between the point of tangency and the x-
value in question (if positive, then less than; if negative, then greater than).

e) Using the second derivative, be able to answer questions about concavity.

f) Determine if a given point is a local max/min or neither. First, find the value of the first
derivative by substituting the ordered pair into the differential equation. If does NOT equal
zero, then neither. If DOES equal zero, then find the value of the second derivative at that
point. If second derivative is positive, then local min. If negative, then local max. This is the
Second Derivative test.

g) Find the particular solution (separate, integrate, solve for “C”, get “y” by itself).

10



3. A pie is taken from a hot oven and put on a table. The internal temperature of the pie at
time t minutes can be modeled by the function H that satisfies the differential equation
% = —%(H —20), where H(t) is measured in degrees Celsius and H(0) = 75. For r > 0, it is

known that 20 < H(r) < 75.

2026 #3

Part A
Explain why the following could not be a slope field for the differential equation
di _ 1.,
@ = T15(H—20).
H
0+ 4 7 4 1 7 1 4 7 7T
A A A A A A A A A
60+ A A A A A AN AN a4 The slopes of the line segments in a slope field for the given
L L L L L ALL A differential equation should all be negative because it <0 on
VARV AR AR A A S A A S a4 dt
50+ VR A A 20<H < 7_5. However, :h_e_slopes of the line segments in the
s s s w oy - slope field given are all positive.
40 P P P S T
- e T s s -
0T o e o o o o o e o o Give a global answer...not just at one point.
1 : : : ; i t
0 10 15 20 25

A pie is taken from a hot oven and put on a table. The internal temperature of the pie at
time ¢t minutes can be modeled by the function H that satisfies the differential equation

%’ = —ll—S(H —20), where H(t) is measured in degrees Celsius and H(0)=75.For ¢ > 0, it is

known that 20 < H(¢) < 75.

Part B

Find the slope of the line tangent to the graph of H at time 7 = 0. Show the work that leads to
your answer.

i : (75 - 20) = —% [ 2023 was very similar! ]

dt 0,75 15

11



A pie is taken from a hot oven and put on a table. The internal temperature of the pie at
time ¢t minutes can be modeled by the function H that satisfies the differential equation
dH _ _ 1

v —ﬁ(H —20), where H(t) is measured in degrees Celsius and H(0)=75.For ¢ > 0, it is
known that 20 < H(r) < 75.
Part C

2
It can be shown that CL'T[; = 21?( H —20). The line tangent to the graph of H at time 7 = 0 is used

to approximate H(5), the internal temperature of the pie at time ¢ = 5. Is this approximation an
overestimate or an underestimate for the actual value of H(5)? Give a reason for your answer.

d*H
dar

F0r1>0, 2()*—1 l‘t’ < 7-._\\_1 j

2

Because ¢ {1
dr”

tangent line lies below the graph, so the approximation is an
underestimate for H(5).

> 0, the graph of /7 is concave up. Therefore, the

PartD

Use separation of variables to find an expression for H(), the particular solution to the given
differential equation with initial condition H(0) = 75.

aH__ 1,

H-20" 15
ai (1
F-mw-J &%
In|H -20|=-—+C
15
In|75-20] = —--(0)+C = In55=C
15

In|H - 20| = -#J, In 55

|H - 20| = 55¢7/15
H =20 = isse—p/ls
Because H(0) = 75, H(t) = 20 + 55¢ '/

12



2022 #5 — No context

dy
Consider the differential equation T =
ax

|

2

&

= sm(%.\')\/)' + 7. Let y = f(x) be the particular solution to the

differential equation with the initial condition f(1) = 2. The function f is defined for all real numbers.

(a) A portion of the slope field for the differential equation is given below. Sketch the solution curve through

the point (1. 2).
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Cannot be asked in free
response anymore.
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Implicit Equation: 25 #6, 24 #5, 23 #6, 21#5, 15 #6 — NO calculator

Given an Implicit Equation, be able to:

a) Find the first derivative with respect to x.

b) Find points where the original curve has a horizontal tangent (y’=0: set numerator = 0)

c¢) Find points where the original curve has a vertical tangent (y’ undefined: set denominator = 0)

d) Write an equation of a tangent line to solution curve and use the tangent line to approximate a
nearby x-value.

e) Find the second derivative of the given differential equation.

f) Determine if a given point is a local max/min or neither. First, find the value of the first derivative by
substituting the ordered pair into the differential equation. If does NOT equal zero, then neither. If
DOES equal zero, then find the value of the second derivative at that point. If second derivative is
positive, then local min. If negative, then local max. This is the Second Derivative test.

g) Find the first derivative with respect to time.

13



2021 #5

5. Consider the function y = f(x) whose curve is given by the equation 2_\'2 — 6 =ysinx fory > 0.

dy y COS X
(a) Show that — = —— —.
dx 4y —sinx

(b) Write an equation for the line tangent to the curve at the point (0, v/3).
(c) For0 £ x £m and y > 0, find the coordinates of the point where the line tangent to the curve is
horizontal.

(d) Determine whether f has a relative minimum, a relative maximum, or neither at the point found in
part (¢). Justify your answer.

; ; L 3 . 2 .
Consider the function y = f(x) whose curve is given by the equation 2y~ — 6 = ysin x for y > 0.

dy yCos X , d
K R = Y can be used for d_y
o - - x
d 2 dv dy
—|2yv" =6 SinxX) = 4y— = —sin X+ ycos X
(2 —6)= dx(y ) & dax T
dv dy dy :
» 4y— — ——SINX = yCOS X = 4y —sIN X) = yCOS X
dx dx dx( Y }=1
d' 0S8 X
— ) Yy Cos

d.\' 4y —sin x

14



: a Bl . . 2 .
Consider the function y = f(x) whose curve is given by the equation 2y~ — 6 = ysinx for y > 0.

(b) Write an equation for the line tangent to the curve at the point (0, J3).

) dy v3cos 0 1
At the point (0.V3)., — = ——— = —_
P ( ) dx 43 —sin0 4

" . : g
An equation for the tangent line is v = V3 + 7%

1 1
Can leave in point-slope form: y — V3= Zx or y-— V3 = 2 (x—0)

(c) For0 £ x £ and y > 0, find the coordinates of the point where the line tangent to the cufve is

horizontal.
or
dy  ycosx

—=———_=0= ycosx=0and 4y -sinx =0
dx 4y -sinx ‘ )

yecosx=0and y >0 = x=—

-

When x = % ysinx = 2_v2 -6=>y sin% =2y -6
= y=.2y2—6:> 3_\‘3—_1'—6=0
=2 2y+3)(y-2)=0=2y=2 St
> Y=~ is ignored because

When x = % and vy = 2. 4y —sinx = 8 — 1 # 0. Therefore. the

line tangent to the curve is horizontal at the point (; 2 )

; ; L 3 . 2 .
Consider the function y = f(x) whose curve is given by the equation 2y~ — 6 = ysinx for y > 0.

15



Consider the function y = f(x) whose curve is given by the equation 2y~ — 6 = ysinx for y > 0.

(d) Determine whether f has a relative minimum, a relative maximum, or neither at the point found in
part (c). Justify your answer.

dy yCos X
dl_'.' ) (4y — sin .\')(%cos X — ysin .\') =y cos.\’)(-l% —COos .\‘) dx - 4-\. — sinx
dx’ (4y —sinx )2
When x = ; and y =2,

/ = = 3 \ .
2 4 2—;111;)[0 cos— —2 51114]—(2c1)s;](4 0 —cos —
d-) 2 2 2 2 2

dx? T\
(-t-_‘—sm?'
o A )I—,)—‘(O)(O) =%:<0.
7y

: . T dy .
J has a relative maximum at the point (T~ _‘) because Frie 0
&~ ax

Motlon 26 #5, 25 #5, 24 #2, 23 #2, 22 #6, 21 #2, 19 #2 (data table), 18 #2, 17 #2, 16 #2, 14 #4,
" 13 #2, 12 #6 — Calculator or No calculator

Given a velocity function (and possibly a position function of a 2" particle) be able to:

a) Determine when the particle is moving left (v<0) or right (v>0) or stopped (v=0).
(Velocity equal to zero and make a sign chart or use calculator for sign of velocity.)

b) Determine when the particle changes directions (velocity=0 and changes signs).

c) Determine if the particle is speeding up (speed increasing) or slowing down (speed
decreasing) and justify your answer. If velocity and acceleration at a given time are
the same signs, then speeding up (speed increasing); if signs are opposite then
slowing down (speed decreasing).

d) Find the position of the particle at any given time (initial position + integral of velocity).

e) Calculate total distance traveled (integral of absolute value of velocity).

f) Find the acceleration of the particle at any given time. (derivative of velocity)

x(b)—x(a)
b-a

h) Determine if the particles are moving toward or away from each other at a given time.
(compare the positions and velocities of each particle)

g) Find average velocity: either ﬁffu(t)dt or

16



2021 #2

2. A particle, P, is moving along the x-axis. The velocity of particle P at time ¢ is given by vp(r) = sin (11'5)

for 0 <t < x. Attime t = 0, particle P is at position x = 5.

A second particle, O, also moves along the x-axis. The velocity of particle Q at time ¢ is given by

volt) = (1 - 1.8)- 1.25' for 0 < 1 < 7. Attime 1 = 0, particle @ is at position x = 10.
(a) Find the positions of particles P and Q attime r = 1.

(b) Are particles P and Q moving toward each other or away from each other at time 1 = 1 7 Explain your
reasoning.

(c) Find the acceleration of particle Q at time r = 1. Is the speed of particle Q increasing or decreasing at
time £ = 1 ? Explain your reasoning.

(d) Find the total distance traveled by particle P over the time interval 0 < r < &.

A particle, P, is moving along the x-axis. The velocity of particle P at time ¢ is given by vp(r) = sin (11'5)

forO0 <t < x. Attime t = 0, particle P is at position x = 5. 2> Y1

A second particle, Q, also moves along the x-axis. The velocity of particle Q at time 7 is given by
volt) = (1 — 1.8) - 1.25" for 0 < ¢t < &. Attime ¢ = 0, particle Q is at position x = 10.
Y2
(a) Find the positions of particles P and Q attime ¢t = |.
xp(1) =5+ [;\'P(t) dt = 5.370660 )
s Integrate a rate and you get change
At time f = 1, the position of particle P is in amount of the original function.”
x = 5.371 (or 5.370).

«1
xp(1) =10 + 'O\'Q(f)d-‘ = 8.564355

=

At time f = 1. the position of particle Q is x = 8.564.

17



A particle, P, is moving along the x-axis. The velocity of particle P at time 7 is given by vp(r) = sin (11'5)

for0 <t < m. Attime r = 0, particle P is at position x = 5.

A second particle, Q, also moves along the x-axis. The velocity of particle Q at time ¢ is given by

vol(t) = (1 — 1.8)+ 1.25" for 0 < 7 < x. Attime 7 = 0, particle Q is at position x = 10.

(b) Are particles P and Q moving toward each other or away from each other at time 7 = 1 ? Explain your
reasoning. vp(1) = sin(1'*) = 0.841471 > 0

Attime f =1, particle P is moving to the right.

vp(1) = (1-18)-1.25' =-1<0

Attime f =1, particle O is moving to the left.

Attime £ =1, xp(1) < xp(1), so particle P is to the left of
particle Q.

Thus. at time f = 1, particles P and Q are moving toward

each other.

A particle, P, is moving along the x-axis. The velocity of particle P at time ¢ is given by vp(r) = sin (11'5)

forO0 <t < x. Attime t = 0, particle P is at position x = 5.

A second particle, Q, also moves along the x-axis. The velocity of particle @ at time 1 is given by

volt) = (1 — 1.8) - 1.25" for 0 < ¢t < &. Attime ¢ = 0, particle Q is at position x = 10.

(c) Find the acceleration of particle Q at time r = 1. Is the|speed of particle Q increasing or decreasing|at
time t = 1 ? Explain your reasoning.

Only acceptable
justification is to
compare the signs
of velocity and
acceleration.

ap(l) = 1'}2(1) = 1.026856
The acceleration of particle Q is 1.027 (or 1.026) at time f = 1.
vo(l) = -1<0 and ap(1) >0

The speed of particle QO is decreasing at time f = 1 because the

velocity and acceleration have opposite signs.

18



A particle, P, is moving along the x-axis. The velocity of particle P at time 1 is given by vp(r) = sin (11‘5)
for0 <t < m. Attime r = 0, particle P is at position x = 5.

A second particle, Q, also moves along the x-axis. The velocity of particle Q at time 1 is given by
vol(t) = (1 — 1.8)+ 1.25' for 0 < 1 < 7. Attime 1 = 0, particle Q is at position x = 10.
(d) Find the total distance traveled by particle P over the time interval 0 £ r < x.

-

|, [vp(£)] df =1.93148
Over the time interval 0 < ¢ < 7. the total distance traveled by

particle P 1s 1.931.

Area & Volume: 2 #2, 25 #2, 24 #6, 22 #2, 21 #3, 19 #5, 16 #5, 15 #2, 14 #2, 13 #5, 12 #2
Calculator or No calculator

Given a graph of a region(s) defined by two or more given functions, be able to:

a) Calculate the area of the region. (integral of upper minus lower OR integral of
absolute value of one function minus the other function if more than one region)

b) Calculate the volume of the solid formed by rotating the region around a given axis
or another vertical or horizontal line:

s f:[(further — axisofrotation)? — (closer — axisofrotation)?]d__

c) Calculate the volume of the solid formed by cross sections (squares, semi-circles,
isosceles right triangles, rectangles, or an unknown shape with the area formula
given) across the region.

d) Afollow-on question that deals with area, volume, or related rate.

19



! 2019 #5

. . V.4 5
Let R be the region enclosed by the graphs of g(x) = —2 + 3cos (;.\') and h(x) =6 — 2(x — 1), the
v-axis, and the vertical line x = 2, as shown in the figure above.
(a) Find the area of R.

(b

Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the y-axis has

1
area A(x) = Ry Find the volume of the solid.
X

Write. but do not evaluate. an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 6.

(c

i~ (a) Find the area of R.

O
%)

. . 13 2
Let R be the region enclosed by the graphs of g(x) = —2 + 3cos (75') and fi(x) = 6 — 2(x — 1)~ the

v-axis, and the vertical line x = 2, as shown in the figure above.

[0(x) - 2(x)) de = JO((a = 2(x = 1))~ -2+ 3005 Z.x)) s

qx=2
/

=[(()\'7%l.\'71 | —|—2x+ iu'%.\']l-’

:((1: —_%)—{—4 +(n)—((.0+_%)—(o;m)4_ | would stop here!

20



2 2] "
Io A(x) dx = ‘In 3 dx
L R ~ ‘\-75
1 = . o0 (G . i 2
0“'\ : e = [ln(x +3 )].\-=0 =In5-1In:
The volume of the solidis In5-1In 3

kn £

T
Let R be the region enclosed by the graphs of g(x) = —2 + 3cos (7.\') and A(x) =6 — 2(x — 1)2. the

y-axis, and the vertical line x = 2, as shown in the figure above.

(b) Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis has
area A(x) =

. Find the volume of the solid.
X+3

L
1 R
l--\ : X
0 1 2
9(x)

7
Let R be the region enclosed by the graphs of g(x) = —2 + 3cos (7.\') and i(x) =6 — 2(x — 1)2, the

v-axis, and the vertical line x = 2, as shown in the figure above.
(c) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line v = 6.

-

(c) ”Io ((6-g(x))* = (6- /r(.\-))l) dx Of nf:[(g(x>—6)2—<h<x)—6)2] dx

21



2. The shaded region R is bounded by the graphs of the functions fand g, where f(x)= -2
and g(x) = x+sin(zx), as shown in the figure.

2025 #2

(Note: Your calculator should be in radian mode.)

A. Find the area of R. Show the setup for your calculations.

B. Region R is the base of a solid. For this solid, at each x the cross section perpendicular to the
Xx-axis is a rectangle with height x and base in region R. Find the volume of the solid. Show
the setup for your calculations.

C. Write, but do not evaluate, an integral expression for the volume of the solid generated when
the region R is rotated about the horizontal line y= —2.

D. It can be shown that g'(x) =1 + zcos(zx). Find the value of x, for 0 <x < 1, at which the line
tangent to the graph of fis parallel to the line tangent to the graph of g.

Rate In/Out: 2s#1, 2241, 1941, 18 #1, 17 #2, (16 #1 in the data table), 15 #1, 14 #1
Calculator active

Given a rate function or functions (water pouring into and out of a tank, people getting
onto and off an escalator, pounds of bananas being put onto a shelf and being removed
from a shelf, etc.), be able to:
a) Find the amount at any given time (initial amount plus integral of rate).
b) Calculate total amount (integral of rate).
c¢) Find the time or amount of an absolute max or min using the Candidate’s Test.
d) Determine if the rate or amount is increasing or decreasing at a given time.
(compare the values of the derivatives of the amount functions or of the rate
functions depending on what is being asked)
e) Find the value of the derivative of the given function and explain the meaning of
the answer (with correct units) in the context of the problem.
f) Find average value of the rate.

22



2019 #1

;
1. Fish enter a lake at a rate modeled by the function E given by E(t) = 20 + 15sin (HT) Fish leave the lake at

D)

2
a rate.modeled by the function L given by L{(f) = 4 + 2% Both E(r) and L(t) are measured in fish per

hour, and 7 is measured in hours since midnight (r = 0).

(a) How many fish enter the lake over the 5-hour period from midnight (r = 0) to 5 am. (r = 5) 7 Give your
answer to the nearest whole number.

(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight (f=0)to 5 AM. (r=3) ?

(c) Atwhat time 7, for 0 < r < 8, is the greatest number of fish in the lake? Justify your answer.

(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 3 AM. (f = 5) 7 Explain
your reasoning.

Tt
Fish enter a lake at a rate modeled by the function E given by E(f) = 20 + 15sin (T) Fish leave the lake at
J
a rate modeled by the function L given by L(r) = 4 + 2°!"". Both E(r) and L(r) are measured in fish per

hour, and t is measured in hours since midnight (f = 0).

(a) How many fish enter the lake over the 5-hour period from midnight (f = 0) to 5 aAMm. (r = 5) ? Give your
answer to the[nem‘esl whole number. ]

In calculator, enter:

(a) ju E(1) dt = 153.457690 030

To the nearest whole number, 153 fish enter the lake from midnight

tO 5 AM. & TExAs INSTRUMENTS T1-84 Plus CE
NORHAL FLOAT AUTO REAL RADIAN HP n

I:(h )dX
153, 4576901
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rt
Fish enter a lake at a rate modeled by the function E given by E(#) = 20 + 15sin (T) Fish leave the lake at
J

2
a rate modeled by the function L given by L(t) = 4 + 291" Both E(r) and L(t) are measured in fish per

hour, and 1 is measured in hours since midnight (r = 0).
(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight f=0)to 5 aM. (r=135)?

(b) %o “L(r) dr = 6.059038

The average number of fish that leave the lake per hour from
midnight to 5 AM. 1s 6.059 fish per hour.

p

Fish enter a lake at a rate modeled by the function E given by E(¢) = 20 + 15sin (ﬂ?) Fish leave the lake at
D

a rate modeled by the function L given by L(t) = 4 + 201" Both E(t) and L(t) are measured in fish per

hour, and 7 is measured in hours since midnight (r = 0).

(c) At what time r, for 0 < 7 < 8, is the greatest number of fishvinthe'lake? Justify your answer.

Let A(r) be the change in the number of fish in the lake from
midnight to ¢ hours after midnight.

I
A1) = J‘”(E(.s ) — L(s)) ds

A1) =E@)-L(1) =0 = t =C =6.20356 Did not need the title "A(’[)"
P | A
0 0
o 135.01492
8 80.91998

Therefore, the greatest number of fish in the lake is at time
t=6.204 (or 6.203).
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rt
Fish enter a lake at a rate modeled by the function E given by E(#) = 20 + 15sin (T) Fish leave the lake at
J

2
a rate modeled by the function L given by L(¢) = 4 + 2%, Both E(f) and L(t) are measured in fish per
Y g y P

hour, and 1 is measured in hours since midnight (r = 0).

(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 5 AM. (f = 5) ? Explain
your reasoning.
1o o — : Or: E'(5) =-6.802
d E(5)-L(5)=-10.7228 <0 L'(5) = 3.921
E(S) <L)
Because E'(S)— L'(5) < 0, the rate of change in the number of fish

is decreasing at time 7 = 5. W (Y1)|yeg
............................. 76.801747307

ax (Y2)|y=g
3.92103316

Derivative & Integration basics: 26#s 2345 1946 1845 1646, 1445

NO calculator

Given a table of x values with the y-values and derivative values of two functions (let’s call them f and g)
AND/OR be given a graph of one or both functions AND/OR be given the equation of a function (usually a
product or quotient of two functions), be able to:

a) Find the derivative of a third function (let’s call it h) that is some sort of composite of the two given

functions such as: h(x) = f(g(x)) or h(x) = % or h(x) = f(x)g(x).
b) If you are given the signs of the values of the intervals between the ordered pairs (so that you know

when the derivatives are positive and negative) identify local extrema.

c) If given the equation, find absolute extrema using Candidate’s Test.

d) Find the value of some interesting integrals (like f13 f"(x)dx = f’(x)li =f'3)-f'()

e) Find average rate of change.

f) Find the equation of a tangent line.

g) Use L'Hospital’'s Rule to find a limit.

h) Use MVT or IVT.

i) Use of the Squeeze Theorem (2019 is the only year | have seen it tested and that part of the
problem was worth 1 point.)
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5. Let [ be the function defined by f(x) = ¢ cos x. 2 0 18 #5
(a) Find the average rate of change of f on the interval 0 < x < 7.
(b) What is the slope of the line tangent to the graph of fat x = STK ?
(c) Find the absolute minimum value of f on the interval 0 < x = 2z. Justify your answer.

(d) Let g be a differentiable function such that g(%) = 0. The graph of g’. the derivative of g. is shown

; . fx) : ; ;
below. Find the value of 1lim “——— or state that it does not exist. Justify your answer.

a2 8(X)
y
1 \\\
/ ™ 2z
x
O / T T 3_;[
-1 2 | 2
I ]
Graphof g”

Let f be the function defined by f(x) = ¢"cos x.

(a) Find the average rate of change of f on the interval 0 < x < 7.

The average rate of change of fonthemterval 0 £ x £ 7 15
flr)-f(0) —e" -1
-0  x

26



Let f be the function defined by f(x) = e¢*cos x.

: : RY/4
(b) What 1s the slope of the line tangent to the graph of fat x = - ‘s

f(x)=e"cosx—e"sinx

%

- LN
sx! 2

3 37\ 3x/2 . (37)
= -'cos(—\_|—e""‘sm||T)=e“-'

The slope of the line tangent to the graph of f at x = 377 i

-_—

Let f be the function defined by f(x) = e"cos x.

(¢) Find the absolute minimum value of f on the interval 0 < x < 2z. Justify your answer.

f(x)=0 = cosx—sinx=0= x=—,x= ]
4 4

Options for declaring final answer:
1. Circle the function value.

X f(x) ) :
0 1 2. Write the function value.
3. If unsure, write:

z L s
4 g f =1 571'/4 t Sn

min o —— at x = —
st - g
4
T * CANNOT just write or circle the ordered pair.

The absolute minimum value of fon 0 € x £ 27 is -—l?es"f".
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below. Find the value of lim

= X

xonf2 8(X)
).'
A
2
oV 2 | = | 3
-1 2 i 2
I I
Graph of g”

Let f be the function defined by f(x) = e cos x.

Let g be a differentiable function such that g(%) = 0. The graph of g’. the derivative of g. is shown

or state that it does not exist. Justify your answer.

lim f(x)=0

Y -

Because g 1s differentiable, g 1s continuous.

lim g(x)=g|5)=0

By L 'Hospital’s Rule,
im f(x) - tim 2 ’(,‘;r s
x—=»x/28(Xx) x=x/2g(x 2

Part C

work that leads to your answer.

PartD

Let k be the function defined by k(x)= J;J A1t
i. Find &'(x).

values of x.
X 0|2]|3| 6
flx)|-1|3([8]s
fx)-54|9|—2

Part A

b i TAE) i ;

Find Iur_1‘ ¥ or state that the limit does not exist.

s O
PartB

ii. Find £”(3). Show the work that leads to your answer.

6. The function fis twice differentiable. The table gives values of fand its derivative " at selected

2026 #6

Let g(x) =f(f(x)). Find g'(2). Show the work that leads to your answer.

Let h be a differentiable function such that 7(0) = 10 and 4’'(x) = f"(3x). Find /1(2). Show the
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2016 #6

X flx) | fl(x) | glx) | g(x)
! -6 2 8
2 2 -2 -3 0
3 8 7 6 2
6 4 5 3 ==l

The functions f and g have continuous second derivatives. The table above gives values of the functions and
their derivatives at selected values of x.

(a) Let k(x)= f(g(x)). Write an equation for the line tangent to the graph of  at x = 3.

g(x)

(b) Let ii(x) = )

. Find 7'(1).

(c) Evaluate Jﬁf"(z.\‘) dx.

Related Rates are typically tested as one part of
one free response question each year.

2025 #6 — Implicit

2024 #5 - Implicit

2023 #6 — Implicit

2022 #2 — Volume

2022 #4 - Data Table

2019 #4 - Differential Equation

2018 #4 — Data Table

2017 #1 — Data Table

2016 #5 — Volume
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1. RADIAN mode!!!

2. Important required skills:
* Graphing in an appropriate viewing window
* Finding zeros of functions
« Solving equations
» Calculating the derivative of a function at a value
» Calculating the value of a definite integral

3. Show the mathematical equation that leads to the calculator result.

4. Round answers to three decimal places.
***Use four decimal places if you are using that number for further

calculations.

5. Use the fraction key to avoid parenthesis errors.

6. Maintain accuracy.
Use CALC INTERSECTION rather than TRACE.

Use the HOME screen for calculations rather than the GRAPH screen.

7. Justifications require mathematical (non-calculator) justifications.
A calculator graph is not a sufficient justification on a FRQ.

8. The calculator sometimes has a hard time communicating...
* Calculator might say "4.8372E-26" when it is trying to say "0"
* Calculator will not graph vertical or steep graphs...edges of graphs
that look like they are floating above the x-axis might actually go to
the x-axis (like a semi-circle).
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If using the TI, it would be very helpful to know:

» Shortcut key for inputting fractions (Alpha F1)

» Shortcut key for the y-vars (Alpha F4) menu.

* How to graph the derivative of a function by entering the function in
Y1, and then in Y2 use the MATH 8 nDeriv function with x=x (and if
you need the second derivative use nDeriv again in Y3).

* How to store values to maintain accuracy.
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