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 2 

 3 

 4 

Problem Overview: 5 

 6 

Students were asked to consider the curve defined by the equation 36 2xy y= + . 7 

 8 

 9 

 10 

Part a: 11 

 12 

Students had to show that 
2

2

2

dy y

dx y x
=

−
. 13 

 14 

 15 

 16 

Part b: 17 

 18 

This part of the question required finding the coordinates of a point on the curve for which a line tangent to 19 

the curve is horizontal, or explain why no such point exists. 20 

 21 

 22 

 23 

Part c: 24 

 25 

This part of the question required finding the coordinates of a point on the curve for which a line tangent to 26 

the curve is vertical, or explain why no such point exists. 27 

 28 

 29 

 30 

Part d: 31 

 32 

Students were given that a particle is moving along the curve as well as the additional information that 33 

at the instant when the particle is at the point 
1

, 2
2

 
− 

 
, its horizontal position is increasing at a rate of 34 

2

3

dx

dt
=  unit per second.  Students were asked to find the value of 

dy

dt
, the rate of change of the particle’s 35 

vertical position, at that instant. 36 

 37 

 38 

 39 

 40 

 41 

 42 

 43 

 44 

 45 

 46 



Comments on student responses and scoring guidelines: 47 

 48 

 49 

Part a   worth 2 points 50 

 51 

The first point was earned for the implicit differentiation of the equation 36 2xy y= +  with respect to x .  The 52 

equation  26 6 3
dy dy

x y y
dx dx

+ =   had to be correct in order to earn this first point.  The second point was for 53 

using the result of this implicit differentiation to arrive at either 
2

2

2

dy y

dx y x
=

−
 or, with no subsequent errors, 54 

( )22 2
dy

y y x
dx

= − .  Many students earned the first point, but had difficulties solving the equation for 
dy

dx
.  55 

There were also difficulties communicating with proper notation in order to earn the second point, as in 56 

presenting something like 
2 2

6 2
3

3 6 2

y y

y x y x
 =

− −
. 57 

 58 

 59 

Part b:   worth 2 points 60 

 61 

The first point was for evidence of setting 0
dy

dx
= .  All of the following were acceptable if set equal to 0: 62 

2

2
2 , , , or

2

dy y
y y y

dx y x


−
.  For the second point, an answer with reason had to be provided and involved 63 

more work.  A simple way to show that there is no point of horizontal tangency is to substitute 0y =  into the 64 

original equation, resulting in 6 0 2 0x = + , for which there is no solution.  Many students did not earn this 65 

second point because of failure to appeal to the original equation defining the curve. 66 

 67 

 68 

Part c:   worth 3 points 69 

 70 

The first point was earned for connecting a vertical tangent to the fact that the denominator of 
2

2

2

dy y

dx y x
=

−
 71 

could not equal 0.  The second point was for a substitution that would lead to the answer.  This could be 72 

substituting 2y x=  into the original equation, but few students chose this method and usually did not 73 

explain why they were using 2y x=  rather than 2y x= − .  Perhaps a bit more difficult to resolve is 74 

substituting 
32

6

y

y

+
 for x  into 2 2 0y x− = .  However, from 

32

6

y

y

+
 one could compute 

3

2

1

3

dx y

dy y

−
=  and see 75 

from this that we have 0
dx

dy
=  where 1y = .  The best approach is to substitute 

2

2

y
x = , determined from 76 

2 2 0y x− = , into the original equation.  (Note that in all these approaches, the original equation defining the 77 

curve must to be used.) 78 

 79 

The third point was for 
1

, 1
2

 
 
 

.  These coordinates could be presented separately if labeled. 80 

 81 



 82 

Part d:   worth 2 points 83 

 84 

The first point was earned for evidence of correct implicit differentiation of 36 2xy y= +  with respect to t .  85 

Presenting any of the terms 26 , 6 or 3
dx dy dy

y x y
dt dt dt

 earned this first point.  The second point was earned for 86 

the answer 
8

9
− .  (References to units were ignored.)  The most common solution used substitution of 87 

2

3

dx

dt
=  and 

1
( , ) , 2

2
x y

 
= − 
 

 into 26 6 3
dy dx dy

x y y
dt dt dt

+ = . 88 

 89 

An alternate solution was sometimes seen, beginning with 
dy dy dx

dt dx dt
= .  The value of 

dy

dx
 can be computed 90 

by substituting 
1

( , ) , 2
2

x y
 

= − 
 

 into 
2

2

2

y

y x−
.  The result is 

4

3
− , leading to 

4 2

3 3

dy

dt
= − . 91 

 92 

 93 

 94 

 95 

 96 

Observations and recommendations for teachers: 97 

 98 

 99 

 100 

(1)  When a curve is defined implicitly in terms of x  and ( )y x , computing 
dy

dx
 involves two skills.  First, the 101 

derivative with respect to x  must be calculated, term by term.  The second skill is “algebraic,” requiring 102 

solving for 
dy

dx
.  If we substitute A  for “answer” wherever 

dy

dx
 appears, then we have: 103 

2 26 6 3 6 6 3
dy dy

x y y xA y y A
dx dx

+ = ⎯⎯→ + =  104 

If solving for A  is a difficulty (and it is for many students), this points to a not uncommon deficit in 105 

algebraic facility, namely solving literal equations.  There is nothing wrong with spending some class time 106 

reinforcing and practicing this skill. 107 

 108 

 109 

(2)  A horizontal tangent to a curve exists where 0
dy

dx
= .  In this question, that means that the numerator of 110 

the expression for 
dy

dx
 must be 0.  Here we get 0y =  which should be immediately substituted into the 111 

equation defining the curve in order to any find value(s) of x  for points which lie on the curve.  If this results 112 

in a falsehood such as 0 2= , then there is no point of horizontal tangency. 113 

 114 

 115 

 116 



(3)  The search for a vertical tangent line begins by looking for points where 
dy

dx
 does not exist.  This can 117 

occur when the denominator of the expression for 
dy

dx
 is 0.  In this question, we do not get a specific value 118 

for either orx y .  Rather, we get a relationship between andx y .  Again, information from this relationship 119 

must be substituted into the original equation defining the curve.  A number of students did not refer to the 120 

original equation successfully, if at all. 121 

 122 

Time permitting, further exploration of situations in which both numerator and denominator are equal to 0 123 

can be insightful.  One source of information and examples with which to begin this study can be found in 124 

Calculus: Dynamic Mathematics, Volume One by Chuck Garner. 125 

 126 

 127 

 128 

(4)  Recognizing in part d that the original equation defining the curve did not have to be used saved time 129 

(unless a diligent student just wanted to verify that the point 
1

, 2
2

 
− 

 
 is indeed on the curve).  Recognizing 130 

that 
dy dy dx

dt dx dt
=  also saved some work.  This worked well in this part of the question because an expression 131 

for 
dy

dx
 was available.  Computing the derivative term by term of 36 2xy y= +  with respect to t  is more 132 

involved and also requires use of the product rule.   133 

 134 

 135 

(5)  Note that in two parts of this question, the original equation defining the curve had to be used.  From the 136 

number of student responses not recognizing this, it is clear that practice with this type of question is needed. 137 


