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 5 

Problem Overview: 6 

 7 

 8 

Two particles are in motion.  Particle P moves along the x-axis, and its position is given by ( ) 6 4 t

Px t e−= −  9 

for 0t  .  Particle Q moves along the y-axis, and its velocity is given by 
2

1
( )Qv t

t
=  for 0t  .  It is known 10 

that at time 1t =  the position of particle Q is (1) 2Qy = . 11 

 12 

 13 

Part a: 14 

 15 

Students were asked to find ( )Pv t , the velocity of particle P at time t . 16 

 17 

 18 

Part b: 19 

 20 

Students were asked to find ( )Qa t , the acceleration of particle Q at time t .  Students were also asked to find 21 

all times t  for 0t   when the speed of particle Q is decreasing and to justify this answer. 22 

 23 

 24 

Part c: 25 

 26 

Students needed to find ( )Qy t , the position of particle Q at time t . 27 

 28 

 29 

Part d: 30 

 31 

Students needed to determine, as t → , which particle is eventually farther from the origin and to give a 32 

reason for the answer. 33 

 34 

 35 

 36 

 37 
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 40 
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 42 

 43 

 44 

 45 

 46 

 47 



 48 

Comments on student responses and scoring guidelines: 49 

 50 

 51 

 52 

Part a   worth 1 point 53 

 54 

Since velocity is the derivative of the position function, the answer is ( )( ) 6 4 4t t

P

d d
x t e e

dt dt

− −= − = .  No 55 

work needed to be shown.  Some students had an issue with this by moving on to substitute 1 for t .  These 56 

responses did not earn this point.  A few errors in differentiation involved trying to use the power rule. 57 

 58 

 59 

 60 

Part b:   worth 3 points 61 

 62 

The expression 
3

2

t

−
 earned the first point since ( ) ( )Q Qa t v t= .  Earning this first point was not a necessary 63 

eligibility for earning the second and third points.  But an expression for ( )Qa t  was necessary in order to 64 

earn the third point.  The second point was earned for considering signs of both ( )Qa t  and ( )Qv t , whether the 65 

sign for ( )Qa t  was correct or not.  A response had to earn the second point in order to be eligible for the 66 

third.  Thus, an erroneous expression in part a could lead to something like “signs of ( )Qa t  and ( )Qv t  are 67 

positive, so no time at which decreasing” which earned the last two points if the presented ( ) 0Qa t  .  68 

However, a response appealing to ( ) 0Qv t   was not eligible for the third point. 69 

 70 

 71 

 72 

Part c:   worth 3 points 73 

 74 

One solution involves adding the initial position to the displacement of the particle.  Since the initial position 75 

is given for 1t = , the definite integral required is the integral of ( )Qv t  from 1 to t .  Use of this integral 76 

earned the first point.  If the integral was presented improperly and misused variables as in 
2

1

1
t

dt
t





, the first 77 

point for the integral was not earned unless there was an attempt at computation of an integral.  A response 78 

presenting either 
2

1
dt

t





 or 
1

t
−  earned this first point.  The second point was earned for using the initial 79 

condition.  And so, if 
2

1
dt

t





 was presented and was followed by 2 1 C= − + , the second point was also 80 

earned.  The third point was for the answer.  The antiderivative and the value of C were easy to compute, and 81 

the response 
1

3
t

− +  earned all three points while 
1

C
t

− +  with no additional work earned only the first point. 82 

A second method using an indefinite integral followed by solving for C was seen more often than use of the 83 

definite integral. 84 

 85 

 86 



 87 

Part d:   worth 2 points 88 

 89 

The first point was earned for at least one of the limits ( )lim 6 4 6t

t
e−

→
− =  or 

1
lim 3 3
t t→

 
− = 

 
.  Language such 90 

as “ ( )Px t  goes to 6” or “ ( )Qy t  approaches 3” earned this point.  A response with an incorrect ( )Qy t  from 91 

part c was eligible for both points provided that ( )Qy t  was a non-constant function.  The second point was 92 

for using both limits and providing an answer consistent with the presented ( )Qy t .  In the case of working 93 

the problem correctly, since 6 3 , particle P is eventually farther from the origin. 94 

 95 

 96 

 97 

Observations and recommendations for teachers: 98 

 99 

 100 

(1)  It is disappointing to see responses trying to use the power rule to calculate ( )6 4 td
e

dt

−− .  Once the 101 

background has been established showing that t td
e e

dt
= , it can be emphasized that the first step in 102 

calculating the derivative of 
( )p xe  is simply “copy it down.”  Apply the chain rule, multiplying by ( )

d
p x

dt
.  103 

That being said, it was clear that most students trying to use the power rule were lacking in other knowledge 104 

as well. 105 

 106 

 107 

 108 

(2)  Parts a, b and c show once again that computation of derivatives (as well as antiderivatives) is an 109 

important skill required on the AP Calculus Exam. 110 

 111 

 112 

 113 

(3)  Particle motion on an axis speeds up or slows down depending upon the relative signs of the acceleration 114 

and velocity.  If signs are the same, the velocity and acceleration are in the same direction, and speed is 115 

increasing; and if the signs are opposite, speed is decreasing.  Same and opposite signs can also be indicated 116 

by showing the product of acceleration as either positive or negative respectively. 117 

 118 

 119 

 120 

(4)  Part c was approached by students using one of two methods: 121 

 122 

(i) One required use of the evaluation part of the Fundamental Theorem.  That is, if ( )A x  is an 123 

antiderivative of ( )f x  and ( )f x  is continuous on [a, b], then ( ) ( ) ( )

b

a

f x dx A b A a= − .  The useful form of 124 

this evaluation for part c is ( ) ( ) ( )

b

a

A a f x dx A b+ =  where ( )A x  is the position function, ( )f x  is the velocity 125 

function and ( )A a  is the “initial position” of the particle in motion for t a= . 126 



 127 

(ii) One method is to compute the indefinite integral and use the initial condition to solve for C.  More 128 

students seemed to use this method and to be successful in solving the problem.  In this case, we have 129 

2

1 1
( )Qy t dt C

t t
= = − +



.  Using the initial condition, we have 2 1 C= − +  leading to 
1

( ) 3Qy t
t

= − + . 130 

 131 

 132 

 133 

(5)  A number of students used   in part d as though it were a numerical value as in 
1 1

lim 3 3 3
t t→

 
− = − = 

 
.  134 

Such responses did not earn the first point in part d.  While it is all right to “think” about the forms 
1

0=


 or 135 

1
0e

e

−


= = , these forms do not make sense numerically and should not be written, especially with 136 

equal signs.  If written as part of the response, this must clearly be shown as scratch work only, or better yet 137 

crossed out. 138 

 139 

 140 

 141 

(6)  A third method for solving part c involves using two definite integrals to solve the separated differential 142 

equation 
2

1
( )Qdy t dt

t
=  subject to the condition that (1) 2Qy = .  The initial condition is used as the two lower 143 

limits on the integrals.  Using f  to represent the desired function and s  as a “dummy variable,” we have 144 

2 2

2
1

1 1 1
and  (1) 2 2 1

t
f

Q

Q Q

dy
y dy ds f

dt t s t
= = → = → − = − +


 .   The desired solution is 

1
3f

t
= − + .  I have only 145 

very rarely seen this method used on the AP Calculus Exam for solving a separable differential equation, 146 

given an initial condition.  But it works!  All that’s happening is that the initial condition is being used as the 147 

definite integrals are evaluated. 148 

 149 

 150 


