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1.

AP® Calculus AB 2021 Free-Response Questions

B

(centimeters) 0 1 2 25 4

" mo Pl 2| 6 |10 | 18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of r are given in the table above.

(a) Use the data in the table to estimate f’(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

(b) The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression

4 4
2 J.O rf(r) dr. Approximate the value of 27 jo r f(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the

petri dish? Explain your reasoning.

(d) The density of bacteria in the petri dish, for 1 < r < 4, is modeled by the function g defined by
g(r)=2— 16(005(1.57ﬁ))3. For what value of k, 1 < k < 4, is g(k) equal to the average value of g(r)

onthe interval 1 <r <4 ?

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part A (AB or BC): Graphing calculator required
Question 1 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

’ 0|1]2]25]4
(centimeters)
. f(r) _ 112]6]10 |18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance » centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of » are given in the table above.

Model Solution Scoring

(a)  Use the data in the table to estimate f”(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

, _f(25)-f(2) _10-6 _ Estimate 1 point
S22 > =555 =5 =8
At a distance of » = 2.25 centimeters from the center of the petri  Interpretation with 1 point

dish, the density of the bacteria population is increasing at a rate of ~ units
8 milligrams per square centimeter per centimeter.

© 2021 College Board



AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Scoring notes:

e To earn the first point, the response must provide both a difference and a quotient and must
explicitly use values of f* from the table.

e Simplification of the numerical value is not required to earn the first point. If the numerical value is
simplified, it must be correct.

e The interpretation requires all of the following: distance » = 2.25, density of bacteria (population)
is increasing or changing, at a rate of 8, and units of milligrams per square centimeter per

centimeter.
e The second point (interpretation) cannot be earned without a nonzero presented value for f'(2.25).

e To earn the second point, the interpretation must be consistent with the presented nonzero value for
f'(2.25). In particular, if the presented value for f'(2.25) is negative, the interpretation must

include “decreasing at a rate of | /"(2.25)

” or “changing at a rate of f”(2.25).” The second point

cannot be earned for an incorrect statement such as “the bacteria density is decreasing at a rate of
-8 ...” even for a presented f"(2.25) = 8.

e The units (mg/cm?/cm ) may be attached to the estimate of f '(2.25) and if so, do not need to be
repeated in the interpretation.

e Ifunits attached to the estimate do not agree with units in the interpretation, read the units in the
interpretation.

Total for part (a) 2 points

© 2021 College Board



AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(b)

The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression
4 4
27[I0 r f(r) dr. Approximate the value of ZHIO r f(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

4 . . .

22 [ f(r) dr = 22 (1 (1) (1= 0) + 2 £(2) (2~ 1) feltgu};: Riemannsum 1 point
£25£(2.5)-(25-2) + 4- f(4)-(4-2.5))

=27(1-2-1+2-6-1+25-10-0.5+4-18-1.5) Approximation 1 point

= 2697 = 845.088

Scoring notes:
e The presence or absence of 27 has no bearing on earning the first point.

e The first point is earned for a sum of 4 products with at most one error in any single value among
the four products. Multiplication by 1 in any term does not need to be shown, but all other products
must be explicitly shown.

e Aresponse of 1- f(1)-(1-0)+2-f(2)-(2-1)+2.5- f(2.5)-(25-2)+4-f(4)-(4-2.5)
earns the first point but not the second.

e A response with any error in the Riemann sum is not eligible for the second point.
4
e A response that provides a completely correct left Riemann sum for 271'.[0 rf(r)dr and
approximation (917 ) earns one of the two points. A response that has any error in a left Riemann

4
sum or evaluation for 27[I0 rf(r) dr earns no points.

4
e A response that provides a completely correct right Riemann sum for 27[]0 f(r)dr and
approximation (80s ) earns one of the two points. A response that has any error in a right Riemann

4
sum or evaluation for 27[I0 f(r) dr earns no points.

e Simplification of the numerical value is not required to earn the second point. If a numerical value is
given, it must be correct to three decimal places.

Total for part (b) 2 points

© 2021 College Board



AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(c¢) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in
the petri dish? Explain your reasoning.

d _ ) Product rule 1 point
dr (rf(r) = f{r)+ /() expression for
d
L (rf ()
Because [ is nonnegative and increasing, i(r f(r)) > 0 onthe Answer ‘_mth 1 point
dr explanation

interval 0 < r < 4. Thus, the integrand » f(r) is strictly

increasing.

4
Therefore, the right Riemann sum approximation of 27rJ.0 rf(r)dr
is an overestimate.

Scoring notes:
e To earn the second point, a response must explain that » f(7) is increasing, and therefore the right

Riemann sum is an overestimate. The second point can be earned without having earned the first
point.

4
e A response that attempts to explain based on a left Riemann sum for ZﬁIO rf(r) dr from part (b)
earns no points.
4
e A response that attempts to explain based on a right Riemann sum for Zﬂj.o f(r) dr from part (b)

earns no points.

Total for part (c) 2 points

© 2021 College Board



AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(d) The density of bacteria in the petri dish, for 1 < » < 4, is modeled by the function g defined by
g(r)=2- 16(c0s(1.57«/7))3. For what value of k, 1 < k < 4, is g(k) equal to the average value of

g(r) on the interval 1 < r < 47?

4 o .
Average value = g, = 1 J‘ (r) dr Definite integral 1 point
& 4-14
4 .

1 J‘ g(r) dr = 9.875795 Average value 1 point
4-14
g(k) = guy = k=2497 Answer 1 point
Scoring notes:
e The first point is earned for a definite integral, with or without 7] 1_ T or %
e A response that presents a definite integral with incorrect limits but a correct integrand earns the first

point.
e Presentation of the numerical value 9.875795 is not required to earn the second point. This point

4
can be earned by the average value setup: % L g(r)dr.

e Once earned for the average value setup, the second point cannot be lost. Subsequent errors will
result in not earning the third point.

e The third point is earned only for the value & = 2.497.
e The third point cannot be earned without the second.

e Special case: A response that does not provide the average value setup but presents an average value
of —13.955 is using degree mode on their calculator. This response would not earn the second point,
but could earn the third point for an answer of & = 2.5 (or 2.499).

Total for part (d) 3 points

Total for question 1 9 points
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Answer QUESTION 1 parts (c) and (d) on this page.
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Answer QUESTION 1 parts (c) and (d) on this page.

'Response for question 1(c)
fr [o1] F(r) 15 1 Crsindg
so ~ £(r) |5 1 acreas’ .
As a right Riemasn Svm waS vCod

for talke T ;ﬂkraql of an fwﬁze‘*é' mJ
forchion | b Was «n O ver Lt ima fe

(ﬂs a‘Sr’)

'Response for question 1(d)
Avg. valrt ot 4(c) on [} ] '=-T'¢".'T Etﬁ—l@(ﬁﬂs(h;’? J'f)):’)ﬂf" = 4,975 79997

7 16¢cos(,TIVE )’=9.8F5 Fa4265

at K=2ZH9F censimeers

Page 5

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

0029172 ERETT LT CTT]

A —

L



Sample E
N BN BN BN BE BN BN BE B

Answer QUESTION 1 parts (a) and (b) on this page.
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Answer QUESTION 1 parts (c) and (d) on this page.
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Answer QUESTION 1 parts (c) and (d) on this page.
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Answer QUESTION 1 parts (a) and (b) on this page.
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Answer QUESTION 1 parts (a) and (b) on this page.

(cmﬁ;wwm) 0 1 2 25 4
£f(r)
-7 1 2 6 10 18
(milligrams per square centimeter)

Response for question 1(a) |

10-6 . % m;”;o\}mms per centimeter

2.5-2

 Response for question 1(b)

1(2)+1(6)+ 0.5 (1§) = 40
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 1

Sample Identifier: A

Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3
points in part (d).

In part (a) the difference quotient of 10-6 in the first line would have earned the first point with

0.5
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response earned the second point for an interpretation of the density of the bacteria changing at 8
milligrams per square centimeter per centimeter at » = 2.25.

In part (b) the response earned the first point for the sum of products expression
27-(2-1-146-1-2+10-0.5-2.5+18-1.5-4) in the first line on the right. This sum of products
expression would also have earned the second point with no simplification. In this case, correct
simplification to 2697 in the second line earned the second point.

In part (c) the response earned the first point for the product rule expression of »'- f(r) + r- f'(r)

for %(r /(7)) in the fourth line. The response earned the second point for the conclusion that

r f(r) has a positive slope since r, 7', f(r), and f'(r) are positive on the interval and therefore

the estimate is an overestimate.
In part (d) the response earned the first and second points for the definite integral

1 I ( - 16 cos 1 57Vr )) ) dr giving the average value in the first line. The response earned
the third point for the correct value of & = 2.497 in the third line.

Sample Identifier: B

Score: 8

The response earned 8 points: 2 points in part (a), 2 points in part (b), 1 point in part (c), and 3
points in part (d).

10 —
0.5
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response earned the second point for an interpretation of 8 milligrams per square centimeter per
centimeter being the rate at which the density of the bacteria is changing when » = 2.25.

In part (b) the response earned the first point for the sum of products expression
27(1(2)(1-0)+2(6)(2 1)+ 2.5(10)(2.5 - 2) + 4(18)(4 — 2.5)) in the second line. This sum of
products expression also would have earned the second point with no simplification. In this case,
correct simplification to 845.088 in the third line earned the second point.

In part (c) the response did not earn the first point because there is no product rule expression for

In part (a) the difference quotient of 6, in the first line would have earned the first point with

%(r f(7)). The response earned the second point for the claim that » /() is an increasing

function in the second line and therefore the approximation is an overestimate.

1 ¢4
q —ljl g(r)dr

giving the average value in the second line. The response earned the third point for the correct
value of k£ = 2.497 in the fifth line.

In part (d) the response earned the first and second points for the definite integral

© 2021 College Board.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 1 (continued)

Sample Identifier: C
Score: 7

e The response earned 7 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 3
points in part (d).

e In part (a) the difference quotient of 10-6 in the first line would have earned the first point with

no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response earned the second point for an interpretation of “8 milligrams per square cm per cm,
which is the rate of change of the population density of a bacteria population at » = 2.25 cm away
from the center.”

e In part (b) the response earned the first point for the sum of products expression
27(1((1)- £(1)) + 1((2)(f(2)) +.5(2.5/(2.5)) + 1.5(4(f4)) in the third line. The response earned
the second point with correct simplification to 845.088 in the fourth line.

e In part (c) the response did not earn the first point because there is no product rule expression for

%(r f(7)). The response did not earn the second point because there is no claim that » f(r) is

increasing.
e In part (d) the response earned the first and second points for the definite integral

I g(r) dr(

the correct value of k£ = 2.497 in the fourth line.

1) giving the average value in the first line. The response earned the third point for

Sample Identifier: D
Score: 7

e The response earned 7 points: 1 point in part (a), 2 points in part (b), 1 point in part (c), and 3
points in part (d).

10 —

0.5
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response did not earn the second point because the density of the bacteria is not referenced.

e In part (b) the response earned the first point for the sum of products expression
27[1(1) (1) + 1(2) f(2) + 0.5(2.5) f(2.5) + 1.5(4) f(4)] in the first line. The sum of products

expression 27[2 + 12 + 12.5 + 108] in the second line would have earned the second point with no

e In part (a) the difference quotient of 6, in the first line would have earned the first point with

simplification. In this case, simplification to 2697 in the second line earned the second point.
e In part (c) the response did not earn the first point because there is no product rule expression for

%(V f(r)). The response earned the second point for the claim that /() is increasing in the

second line and therefore the right Riemann sum is an overestimate in the fifth line.
e In part (d) the response earned the first and second points for the definite integral

1 I ( - 16 cos 1 57Jr )) )dr giving the average value in the first line. The response earned

the third point for the correct value of £ = 2.497 in the third line.

© 2021 College Board.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 1 (continued)

Sample Identifier: E
Score: 6

e The response earned 6 points: 2 points in part (a), 1 point in part (b), no points in part (c), and 3
points in part (d).

e In part (a) the difference quotient of —2105 — 62 in the first line would have earned the first point with
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response earned the second point for an interpretation of the density of bacteria in the dish
increasing at a rate of 8 milligrams per cm? per cm at » = 2.25 centimeters.

e In part (b) the response earned the first point for the sum of products expression

27z[1(1-2) + 1(2-6) + 0.5(2.5-10) + 1.5(4 - 18)] in the first line on the right. The response did not

earn the second point because the simplification to 769.690 is incorrect.
e In part (c) the response did not earn the first point because there is no product rule expression for

%(r f(r)). The response did not earn the second point because there is no claim that » f(r) is
increasing.
4
e In part (d) the response earned the first and second points for the definite integral % L g(r)dr

giving the average value in the second line. The response earned the third point for the correct
value of k£ = 2.497 in the fifth line.

Sample Identifier: F
Score: 6

e The response earned 6 points: 2 points in part (a), 1 point in part (b), no points in part (c), and 3
points in part (d).

10-6

25-2
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response earned the second point for an interpretation of density increasing at a rate of 8
milligrams per square centimeter per centimeter when » = 2.25.

e In part (b) the response earned one of the two points for providing a completely correct right

e In part (a) the difference quotient of in the first line would have earned the first point with

4
Riemann sum for 27 r)dr. The sum of products expression
0

27[1(2) + 1(6) + 0.5(10) + 1.5(18) in the middle of the first line would have earned one of the two

points with no simplification. In this case, correct simplification to 251.327 earned one of the two
points.
e In part (c) the response did not earn either point because the response attempted to explain a right

4
Riemann sum for 27[]0 f(r)dr.

4
e In part (d) the response earned the first and second points for the definite integral ) 1_ ] L g(r)dr

giving the average value in the first line. The response earned the third point for the correct value
of £k = 2.497 in the third line.
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Visit College Board on the web: collegeboard.org.



AP® Calculus AB/BC 2021 Scoring Commentary

Question 1 (continued)

Sample Identifier: G

Score: 5

The response earned 5 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 3
points in part (d).

In part (a) the difference quotient of % in the first line would have earned the first point with
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response did not earn the second point because the response references the amount of bacteria
rather than the density of bacteria.

In part (b) the response earned one of the two points for providing a completely correct right
4
Riemann sum for 27r.|.0 f(r)dr, with the sum of products expression

1(2) + 1(6) + 0.5(10) + 1.5(18) in the second line on the right and the numerical value of 80m in

the second line on the left earning one of the two points.
In part (c) the response did not earn either point because the response attempted to explain a right

4
Riemann sum for ZﬂJ.O f(r)dr.

In part (d) the response earned the first and second points for the definite integral

1 4
1 —IJ.I g(r)dr

giving the average value in the first line. The response earned the third point for the correct value
of k£ = 2.497 in the fourth line.

Sample Identifier: H

Score: 5

The response earned 5 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 3
points in part (d).

10-6
25-2
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response did not earn the second point because the units on the interpretation are incorrect.

In part (b) the response earned one of the two points for providing a completely correct right

In part (a) the difference quotient of in the first line would have earned the first point with

4
Riemann sum for 27 r)dr. The sum of products expression
0

27z ((1)(2) + (1)(6) +.5(10) +1.5(18))) in the second line would have earned one of the two points

with no simplification. In this case, correct simplification to 80m in the third line earned one of the
two points.
In part (c) the response did not earn the first point because there is no product rule expression for

di(r f(7)). Reference to “the function” being an increasing function does not clearly indicate that
»

“the function” refers to » f(r) and therefore the second point is not earned.

4
In part (d) the response earned the first and second points for the definite integral 1 1_ ] L g(r)

giving the average value in the first line. The response earned the third point for the correct value
of £k = 2.497 in the fourth line.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 1 (continued)

Sample Identifier: I
Score: 4

e The response earned 4 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 2
points in part (d).

e In part (a) the difference quotient of —2105 — 62 in the first line would have earned the first point with
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response did not earn the second point because the response states the rate of the density of the
bacteria population is increasing at a rate and because the units in the interpretation are incorrect.

e In part (b) the response earned one of the two points for providing a completely correct right
4
Riemann sum for ZﬂJ.O f(r)dr. The sum of products expression

27 -[1(2) +1(6) + 0.5(10) + 1.5(18)] in the first line would have earned one of the two points with

no simplification. In this case, correct simplification to 251.327 in the third line earned one of the
two points.
e In part (c) the response did not earn either point because the response attempted to explain a right

4
Riemann sum for Zﬂjo f(r)dr.

4
¢ In part (d) the response earned the first and second points for the definite integral 1 1_ 7 J-l g(r)dr

giving the average value in the second line. The response did not earn the third point because no
value is given for %.

Sample Identifier: J
Score: 4

e The response earned 4 points: 1 point in part (a), no points in part (b), no points in part (c), and 3
points in part (d).

10-6

25-2
no simplification. In this case, correct simplification to 8 in the first line earned the first point. The
response did not earn the second point because the interpretation does not state that the density of
bacteria is increasing when r = 2.25.

e In part (b) the response did not earn the first point because there is no sum of four products. The
response contains an error in the Riemann sum and therefore is not eligible for the second point.

e In part (c) the response did not earn the first point because there is no product rule expression for

e In part (a) the difference quotient of in the first line would have earned the first point with

%(V f(r)). The response did not earn the second point because there is no claim that  f(r) is

increasing.

1 4
Pilsra
giving the average value in the first line. The response earned the third point for the correct value
of £k = 2.497 in the third line.

e In part (d) the response earned the first and second points for the definite integral
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AP® Calculus AB 2021 Free-Response Questions

2. A particle, P, is moving along the x-axis. The velocity of particle P at time # is given by vp(¢) = sin (tl's)

for 0 <7 < x. Attime ¢t = 0, particle P is at position x = 5.

A second particle, Q, also moves along the x-axis. The velocity of particle Q at time ¢ is given by

vo(t) = (t — 1.8) - 1.25" for 0 < r < 7. Attime ¢ = 0, particle Q is at position x = 10.

(a) Find the positions of particles P and Q at time ¢ = 1.

(b) Are particles P and Q moving toward each other or away from each other at time t = 1 ? Explain your
reasoning.

(c) Find the acceleration of particle Q at time ¢ = 1. Is the speed of particle Q increasing or decreasing at
time t = 1 ? Explain your reasoning.

(d) Find the total distance traveled by particle P over the time interval 0 < ¢ < 7.

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part A (AB): Graphing calculator required
Question 2 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

A particle, P, is moving along the x-axis. The velocity of particle P attime ¢ is given by vp(¢) = sin(tl'5 )

for 0 <t < 7. Attime ¢ = 0, particle P is at position x = 5.

A second particle, Q, also moves along the x-axis. The velocity of particle O at time ¢ is given by

volt) = (1 - 1.8)-1.25" for 0 <t < 7. Attime ¢ = 0, particle Q is at position x = 10.

Model Solution Scoring

(a) Find the positions of particles P and O attime ¢ = 1.

| . .
xp(1) =5 + J‘O vp(£) di = 5.370660 One definite integral 1 point
One position 1 point
At time ¢ = 1, the position of particle P is
The other position 1 point

x =5.371 (or 5.370).

1
xg(1) =10+ | vp() di = 8.564355

At time ¢ = 1, the position of particle Q is x = 8.564.

© 2021 College Board



AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Scoring notes:

The first point is earned for the explicit presentation of at least one definite integral, either
1 1
IO vp(t) dt or jo vo(t) dt.

The first point must be earned to be eligible for the second and third points.

The second point is earned for adding the initial condition to at least one of the definite integrals and
finding the correct position.

1
Writing .[o vp(t) +5 =5.370660 does not earn a position point, because the missing d¢ makes this

1
statement unclear or false. However, 5 + .[0 vp(t) = 5.370660 does earn the position point because it
is not ambiguous. Similarly, for the position of Q.

Read unlabeled answers presented left to right, or top to bottom, as xp(1) and x,(1), respectively.
Special case 1: A response of xp(1) =5 + .[oa vp(t) dt = 5.370660 AND
xp(1) =10+ J-:VQ(Z) dt = 8.564355 for a # 1 earns one point.

Special case 2: A response of xp(1) =5 + IvP(t) dt = 5.370660 AND

xp(1) =10+ IvQ(t) dt = 8.564355 or the equivalent, never providing the definite integrals, earns

one point.

Degree mode: A response that presents answers obtained by using a calculator in degree mode does
not earn the first point it would have otherwise earned. The response is generally eligible for all
subsequent points (unless no answer is possible in degree mode or the question is made simpler by
using degree mode). In degree mode, xp(1) is 5.007 (or 5.006).

Total for part (a) 3 points
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(b) Are particles P and Q moving toward each other or away from each other at time ¢ = 1? Explain your

reasoning.

vp(1) = sin(ll'S) — 0841471 > 0 Direction of motion for 1 point

one particle
Attime ¢ = 1, particle P is moving to the right.

vQ(l) =(1-1.8)- 125' = —1<0 Answer with explanation 1 point

Attime ¢ = 1, particle Q is moving to the left.

Attime ¢ =1, xp(1) < xo(1), so particle P is to the left of

particle Q.

Thus, at time ¢ = 1, particles P and Q are moving toward

each other.

Scoring notes:

e  The first point is earned for using the sign of vp(1) or vy(1) to determine the direction of motion for

one of the particles. This point cannot be earned without reference to the sign of vp(1) or vy(1).

e It is not necessary to present an explicit value for vp(1), or vQ(l), but if a value is presented, it must
be correct as far as reported, up to three places after the decimal.
e Read with imported incorrect position values from part (a).

e If one or both position values were not found in part (a), but are found in part (b), the points for
part (a) are not earned retroactively.

 To earn the second point, the explanation must be based on the signs of vp(1) and v, (1) and the

relative positions of P and Q at ¢t = 1. References to other values of time, such as ¢ = 0, are not

sufficient.

e Degree mode: vp(1) = 0.017 (See degree mode statement in part (a).)

Total for part (b) 2 points
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(©)

Find the acceleration of particle QO attime ¢ = 1. Is the speed of particle O increasing or decreasing at

time ¢ = 17? Explain your reasoning.

ag(1) = vp(1) = 1.026856 Setup and acceleration 1 point

The acceleration of particle Q is 1.027 (or 1.026) at time ¢ = 1.

vo(1) =-1<0 and ay(1) >0 Speed decreasing with 1 point

reason
The speed of particle O is decreasing at time ¢ = 1 because the

velocity and acceleration have opposite signs.
Scoring notes:

e To earn the first point, the acceleration must be explicitly connected to v, (e.g., v’Q(l) =1.026856).

e The first point is not earned for an unsupported value of 1.027 (or 1.026). The setup, v'Q(l), must
be shown. Presenting only aQ(l) =1.027 (or 1.026) without indication that v, = a,, is not enough
to earn the first point.

* A response does not need to present a value for vy(1); the sign is sufficient.

e To carn the second point, a response must compare the signs of a, and v, at 7 = 1. Considering
only one sign is not sufficient.

e After the first point has been earned, a response declaring only “velocity and acceleration are of
opposite signs at ¢ = 1 so the particle is slowing down” (or equivalent) earns the second point.

e The second point may be earned without the first, as long as the response does not present an
incorrect value or sign for vQ(l) and concludes the particle is slowing down because velocity and

acceleration have opposite signs at ¢ = 1.

Total for part (c) 2 points
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(d) Find the total distance traveled by particle P over the time interval 0 < ¢ < 7.

J‘(;flvp(t)l dt = 1.93148 Definite integral 1 point

Answer 1 point

Over the time interval 0 < ¢ < 7, the total distance traveled by
particle P is 1.931.

Scoring notes:

The first point is earned for J:| vp(2)| dt.

The first point can also be earned for a sum (or difference) of definite integrals, such as

J<2.145029vp(t) di — J~

0 2.145029

T

vp(t) dt, provided the response has indicated v,(2.145029) = 0.

The second point can only be earned for the correct answer.

The unsupported value 1.931 earns no points.

A response reporting the distance traveled by particle Q as I()ﬁ| vQ(t)| dt = 3.506 earns the first

point and is not eligible for the second point.

In degree mode, the total distance traveled is 0.122. (See degree mode statement in part (a).) In the

degree mode case, the response must present J.Oﬂ|vp(t)| dt in order to earn the first point because
v VA
IO lvp(1)| dr = J'O vp(t) dt.

Total for part (d) 2 points

Total for question 2 9 points
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Answer QUESTION 2 parts (c) and (d) on this page.
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Answer QUESTION 2 parts (a) and (b) on this page.

_Response for question 2(a)

sp(1) = 6.(0) + 5, s+’ It = 5+o%71 5371
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Answer QUESTION 2 parts (c) and (d) on this page.

Response for question 2(c)

g2 eriiz

Vot) =a, (1) = 627

Fﬁ(ﬁfle Q ,‘j f/ow;ﬂf [{awﬂ ée(ahje ;‘}g W{Dfa}l}
'S PF n0zshve wh'le SRS erfeferahum ﬁ(/?ajj}qyg

Response for question 2(d)
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Sample C

Answer QUESTION 2 parts (a) and (b) on this page.

i Response for question 2(a) ‘
1
5+$Vf(t3 dt = S5.317|
°A.} kme t=1, ?arhdt. Pig lwka ot X= S.370
\

0 *Yuq({,)d& :3.Sb 43
n—k 1—'\“ t‘[ ?Meou O 3 )DURJ QL X= ES'J‘(,
/

 Responss for question 2(b) |
vp (3) = 0=F

Uq(_\}:"\
(Pafv{"'U(P) P antt 0 ot meving  dowed 1 € Gehote ak

it e Pleus
: .| bewuse the Pos: ko P ek pobs
mvf P bt MI’ of fﬁ/(‘b& o] (QW,("A" P if laceter g4
X=5.2N & @ ) x= §-564 ), Lecense Vp(D?O, Fc/b(ﬂh {
‘“‘ A : whota FVOH1) <O
S Maving dove em)nd« Q
o geokidn @5y medng L fowancr pavbds e
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N BE A BFE BB BE BEE BER --‘;

Answer QUESTION 2 parts (c) and (d) on this page. - |

-

‘Hesponaa for question 2(c) : :
ve'(t) = aale) -
oty xalidzl 0T =
ag (V)70 Vg (\)y<O | -
Pt M actle il Ak ’V‘&G-'ﬂ 4 FM"Lqﬂii me_ -
l:':"Lg hm .ppi}s;k Sl%f\j’ ’H’“— %ﬂt&% ‘k 'H*" f ' :
ASUarpng. E

=

'Response for question 2(d) | -

dt ~ 0- 914 + 53 -

S*rzlu?lt)\ =
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Sample D

sy Ty ——
N R BR ¥
[Pt L 515

Answer QUESTION 2 parts (a) and (b) on this page.

| Response for question 2(a) |

X_0) =5+f'
P "0 e =
. (o) dy = §40.37) = 5.7, unid

XQ(I\ =10 +

o

]
. |
ﬁi.ZS’ (¢ -1,8\\.4: = lo + (..|_'13 £\ = E.SﬁUn.‘H

 Response for question 2(b)|

r\rPu\ = 0.94) a (V) =0.%10

VV==1  a (N=1.027
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Sample D
, |
o2 2 2 21 2 @ 2 BN R R R |

Answer QUESTION 2 parts (c) and (d) on this page.

'Response for question 2(c)

aaﬁﬁ\ ='1£'(.6\ = 1,25 * 125 (5 -1.5\ + 1.25

)
a, (N = 1L2S 11 2SCl=1.8) +10.2€" 1027 vaids/ s

A} =1 dhe speed of @ s dccfeag,'|3 bl aa(.b\ whick

s ’%'(t\ ’s pos: b ve whle ‘U{;C]\ 'S ncjai.w_

'Response for question 2(6)\
n
K'S-'n(ﬁl'g“\dt =].93]
()

4otal distance teavcld =1.231
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—— e ey - = 1|
N R R FE BEE BEE R FE B

Answer QUESTION 2 parts (a) and (b) on this page.

Response for question 2(a)

o [t = 5370001
5? UpLd) St

Q lor):uQLf)Ak = 8.58435q52¢

Response for question 2(b)

PLQ are fovng away fipm eam orker
?:mnifj;' _tgc Qf5 Vi) o gt 1 Rganve
aniny 1S M0ving o e lert whine o

1RO P IS W) Vs pyoisie )
e 15 MVmq o e Ngny 8 ¢ "

. ¢
ﬂwf e Mourng AW Fom gom Dtter
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Answer QUESTION 2 parts (c) and (d) on this page.

]

Response for question 2(c)

Qu) - \gU) = | OWSh WS

Parhol /s gy 15 decreasiog ( Slowmdoun)
b 05 AL + UUD hawe derferen signs
%U)?o gwao

Response for question 2(d)

T
,[ UpL’c\(at:l.Q’sldﬁmw




.
>
»

- R R R R W

Answer QUESTION 2 parts (a) and (b) on this page.

' Response for question 2(a)
Parvicle P+
Vp=sin(4'®)
0= 5+ [Gin(+"")dt = 5.37

Partice Q:
Va(¥) = (+-1%) » 125"

Rot= 10+ [ 1 (+-1.9) - 1,05 gt
Kald = %,5p4

Response for question 2(b) |
VeD=sin(1"®) ~ Va=0-19) (125"
VP(D= 9415 Vatd = -1

The parnictes are moving dowovds eachotnher
snce neir velaitys are gifrevent signk and
They ave Trovel\ing, In opposite divections.
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Answer QUESTION 2 parts (c) and (d) on this page.

Response for question 2(c)

Va(t) = (¥ -\.9)- l.:f.ilz,4r = |.25+(+*-|.$) ;
| . +

Aal) = 11254: — ] (225)°

Aa() =vaS— |

—W 15 aecreasing since
Vath=—| e cigns 0¢ ucctleroton
and weloCity awe déerent.

i

Response for question 2(d)

A
fotel distone = ‘[LVP (ﬂl ot

= 1.931
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N R B 2H2W2H )

Answer QUESTION 2 parts (a) and (b) on this page.

iHesponse for question E{a}‘
position of porticle P
\
R S\P(ﬂ dt = H.37)
o

posnbmn of porticle Q-
10 + S‘\l (j:'\d.‘b d.PLH

i Response for question 2(b)J

The pmr*tic,\e_s ore movmta m»o_z,
Feom coohother ot 1=

\; is positive ond N 'S Negative,
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v - -

¢2 BN 2 B 2 B 2 &N 2 8 2 ¥ 2 BN 2 @ -7
Answer QUESTION 2 parts (c) and (d) on this page. -

-
l Response for question 2(c) :
Yo (V) =0 (1) 2 1.027 -
The speed. s ‘mc,mm% becawse -
the. occeleration 1S positive =

=

=

-
Response for question 2(d) :
N\ -
él\‘p(-b)ld:b= 1.3 =
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1

N R R R FE B R R B

Answer QUESTION 2 parts (a) and (b) on this page.

Response for question 2(a)

PG G P W Qet=|

P. Q.

B4 (), st (")t 104 € (4-1:6)+ 1.25%at

5.3 )
m«liiémo gadiee Q

Response for question 2(b)

P ard Q ace Movirg tuaneds each other @+= | eavie
M\H&kg(;b-\ T?MH.W~
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Answer QUESTION 2 parts (c) and (d) on this page.

Response for question 2(c)

VQ&): (6 'Io&)" lo‘l?
© &=
€.073)
e packc Q 1s Tt ab 4=\ DR Hhe Xoe & the
\elafty 15 petive

Rmomchrqmﬁoni[d}
toraQ Cftviange Travelied

J:'S\‘n(-b"q')\db
Al CED
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Sample I

Answer QUESTION 2 parts (a) and (b) on this page.

‘ Response for question 2(a)

0: VN an(+®)

[ Q: vi¥):(x-18) )38

YVelo) 4 12 7066

—_—

Svttﬂ dat - U356 |

' Response for question 2(b}‘

Parhcles P € G are movm?
away from tach giner a
fme 4:1 beause ONC
VRlouH (P)1s positive
ond one veloutry( a)

1S Y\&%aﬂvc.
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Answer QUESTION 2 parts (c) and (d) on this page.

Response for question 2(c)
[ |

V(- sin(t"®)
V'Y= alt)
a(1)-1.0%069

The peed of PariiCle G a5 decreasing
oY fiMe 1 =1 beause the veocity e
NEQONVE and the Aalclierahisin & Paitive
WWICh Qire g fferent+ azﬁns, V(1) ¢ 0
onal a1 >g.

' Response for question 2(d) |
N
S | veln | dt
0

S| om{v?) o

1,415 ~fo¥a dlance
_‘.-_________-’_'__————__—._"\\
on nyerval 0&4 ¢y
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Answer QUESTION 2 parts (a) and (b) on this page.

 Response for question 2(a)

'PM A = |

i
pod4 . “Pﬂb at
S+ (3 Vp (= 5.5

Q at +umae =\
QLOY1 §o vat)dt
[0 4 Sc: Vala=-8 s0oM

Response for question 2(b) |

\J

Jabli

w ANt MW - L y Particle @ amdt D ;w

W\WW\% (\ORY, bty M(WW\.O a,wq,nj 1 oo
vt & USRS A AT politioh winen Al
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Answer QUESTION 2 parts (c) and (d) on this page.

S N—

 Response for question 2(c)

V') * 1-027
Vauy= =l
Cpeed iS decm&rﬁ bjlc V
' : t  sians,
6¢ panic/e @ at t=V have pedenent 510

e,loUJf:j o rnd atcetetrafton

| Response for question 2(d) \

n t 3
S. Vpttd -S\S
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AP® Calculus AB 2021 Scoring Commentary

Question 2

Sample Identifier: A

Score: 9

The response earned 9 points: 3 points in part (a), 2 points in part (b), 2 points in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for .[0 sin(z‘l'5 ) dt online 1. The response earned the
1
0
5 + 0.37066 need not be simplified. The response earned the third point for

second point for 5 + .[ sin(tl's) dt =5+ 0.37066 on line 1. Note that the numerical expression

1
10 + J-o vo(t) dt = 8.56435 on line 2. Lines 3-5 summarize the results and contain correct

information. Note the presented decimals are accurate to three decimal places, rounded or
truncated.
In part (b), the response earned the first point by stating that “since particle O has a negative

velocity it is moving left” on lines 7 and 8. The response earned the second point by stating that
“Q isto theright of particle P at r = 1,” “particle Q has a negative velocity it is moving left,”

“particle P has a positive velocity it is moving right, so the particles are moving toward each other
at time ¢ = 1” on lines 6-10.

In part (c), the response earned the first point on line 2 for a, = vQ'(t) and vQ'(l) =1.02686. Note
that without a, = vQ’(t), the response would still have earned the first point for vQ'(l) =1.02686.

The response earned the second point for comparing the signs of aQ(l) (positive) and vQ(l)

(negative) and concluding that the speed of particle O attime ¢ = 1 must be decreasing on lines 3-
6.

In part (d), the response earned the first point for JZ| vP(t)| dt online 2. The response earned the

second point for J-0”|vp(t)| dt =1.93148 on line 2. Lines 3 and 4 summarize the result and contain

correct information. Note the presented decimal is accurate to three decimal places, rounded or
truncated.

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: B

Score: 8

The response earned 8 points: 3 points in part (a), 1 point in part (b), 2 points in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for .[0 sin(z‘l'5 ) dt online 1. The response earned the
1
0
simplified the numerical expression 5 + 0.371 on line 1, however this was not needed. The

second point for S(0) + .[ sin(tl's) dt =5+ 0.371 on line 1. Note that the response correctly

1
response earned the third point for SQ(O) + jo(t -1.8)- 1.25" dt = 10 — 1.436 on line 2. Note that

the response correctly simplified the numerical expression 10 — 1.436 on line 2, however this was
not needed.
In part (b), the response earned the first point on lines 2-4 for stating that v, (1) is positive, so

particle P is moving to the right. The second point was not earned because the relative positions
of P and Q at ¢ = 1 were not referenced.

In part (c), the response earned the first point for connecting acceleration to the derivative of

velocity at ¢ = 1 by stating vQ’(l) = ap(1) = 1.027 on line 1. Note that if the response presented

vQ'(l) = 1.027, without a,(1), the first point would still have been earned. The second point was

earned for stating that particle Q is slowing down because its velocity is negative while its
acceleration is positive on lines 2-3.
In part (d), the response earned the first point for v,(z) = sin(tl's) =0, t =2.145, and

2.145
.[0 sin(z‘l'5 ) dt — .[2”145 sin(tl'5 ) dt on lines 1-3. The second point was earned for the correct total

2.145
distance .[ sin(tl's) dt — j” sin(tl'5 ) dt =1.931 traveled by particle P on line 3. Note that the
0 2.145

number line presented on line 2 was not used to determine points earned.

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: C
Score: 8

e The response earned 8 points: 3 points in part (a), 2 points in part (b), 2 points in part (c), and 1
point in part (d).
1
e In part (a), the response earned the first point for .[0 vp(t) dt online 1. The response earned the

1
second point for 5 + .[0 vp(t) dt = 5.371 on line 1. The response earned the third point for

1
10 + .[0 vo(t) dt = 8.5643 on line 3. Note that the stated value on line 3 is correct, rounded or

truncated, to three decimal places. Note also that the response correctly summarizes the answers
on lines 2 and 4. On line 4, the response presents the correct answer, to three decimal places, for
the position of O at 7 = 1.

e Inpart (b), the response earned the first point for “because v, (1) > 0, particle P is moving right”
on lines 6 and 7. The response earned the second point stating that “Particles P and Q are
moving towards each other at time 7 = 1,” “particle P islocated at x = 5.371 and Q is at
x = 8.564,” “because vp(1) > 0, particle is moving right towards particle 0 while v, (1) <0, so

particle Q is moving left towards particle P.”

e In part (¢), the response earned the first point on lines 1 and 2 for vQ’(t) = aQ(t) and
agp(1) =1.0268. Note that if the statement on line 1 was not presented, the first point would not
have been earned; a, (1) = 1.0268 by itself is not sufficient to establish the required connection.

Note, also, that the presented decimal answer is accurate to three decimal places on line 2. The
response earned the second point for “Because the acceleration and velocity of particle O at time

t = 1 have opposite signs, the speed of the particle is decreasing.”
T
e In part (d), the response earned the first point for .[0 |vP(t)| dt online 1. The response did not earn

the second point because the total distance traveled is incorrect.

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: D

Score: 7

The response earned 7 points: 3 points in part (a), no points in part (b), 2 points in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for .[0 sin(tl'5 ) dx online 1. The second point was
1
0
be simplified, however, the response simplified correctly to obtain 5.371. The third point was

1
earned for 10 + IO(I.ZS’ (- 1.8)) dx =10 + (-1.436) = 8.564 on line 2. The response was not

earned for 5 + j sin(tl‘5 ) dx =5+ 0.371 online 1. Note the correct position of particle P need not

penalized for the use of dx in place of d.

In part (b), no points were earned because the response failed to connect the direction of motion of
each particle with the correct signs of the respective velocities at ¢+ = 1. Also, the response failed to
reference the relative positions of P and Q at r = 1.

In part (c), the first point was earned on lines 1 and 2 of the response. Note that the correct

expression for vQ'(t) is given on line 1, however, this was not required. On line 1, the connection
between a,(¢) and vQ' () was made. Note the required connection is also made if the response

begins the statement on line 1 with vQ'(t). On line 2, the correct value of a,(1) was given. The
second point was earned on lines 3 and 4 by comparing the signs of Vo and agp at t = 1, and

concluding that the speed of Q is decreasing.

In part (d), the response earned the first point for J.(j(‘ sin(z‘l'5 )‘) dx online 1. The response was
not penalized for the use of dx in place of d¢. The second point was earned for the correct total
distance traveled, I;(‘sin(tl's )D dx =1.931, on line 1. The response goes on to summarize the

result, which is unnecessary but correct, so the response earns the second point on line 2.

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: E

Score: 6

The response earned 6 points: 2 points in part (a), 1 point in part (b), 1 points in part (c), and 2
point in part (d).

1
In part (a), the response earned the first point for .[0 vp(t) dt, and the second point for

1
5+ .[0 vp(t) dt = 5.37066028, both on line 1. The response did not earn the third point because the

stated position of O at ¢ =1 is not correct (the second digit after the decimal is incorrect).
In part (b), the response earned the first point by connecting the leftward motion of particle Q at

¢t = 1 with its negative velocity on lines 2 and 3. The second point was not earned because, on line
1, the response states that P and O are moving away from each other.

In part (c), the response earned the first point on line 1 with the statement vQ' (1) = 1.026856478.
The expression at the beginning of that equation, “ aQ(l) =" is correct but not necessary. The

second point was not earned because of the parenthetical phrase “slowing down.”

In part (d), the response earned the first point for J:| vp(t)| dt online 1. The second point was

earned for the correct total distance traveled, j:|vp(t)| dt =1.913480748, on line 1. Note that the

presented total distance traveled is correct to the first three decimal places, rounded or truncated.

Sample Identifier: F

Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), 1 points in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for Io sin(tl's) dt on line 3. The second point was
1
0
sum of the initial condition for O and the definite integral of the velocity of Q from t =0 to ¢t =1

earned for the statement 5 + I sin(tl'5 ) dt = 5.371 on line 3. The third point was earned for the

on line 6, and presenting the correct position of O at # = 1 on line 7. Note the inconsistent use of
xp(t) and xy(¢) did not prevent the response from earning all possible points.

In part (b), the response earned no points because there was no connection made between the
direction of motion of either particle and the sign of its velocity. Also, there was no reference to the
relative positions of the particles at ¢ = 1.

In part (c), the response did not earn the first point because the attempt to find the derivative of
vo(?) is not correct. However, with a declared positive value for the acceleration of Q at ¢ = 1, the

response was eligible to earn the second point. The second point was earned for the statement “it
is decreasing since the signs of acceleration and velocity are different.”

In part (d), the response earned the first point for J.(j| vp(t)| dt online 1. The second point was

earned for the correct total distance traveled, J.(;T|vp(t)| dt =1.931, onlines 1 and 2.
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AP® Calculus AB 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: G

Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), 1 point in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for .[0 vp(t) dt online 2. The second point was

1
earned for 5 + Io vp(t) dt = 5.371 on line 2. The third point was earned for

1
10 + jo vo(t) dt = 8.564 online 4.

In part (b), no points were earned because no connection was made between the direction of
motion of at least one particle and the sign of its velocity at ¢+ = 1, and there was no reference made
to the relative position of the particles at ¢ = 1.

In part (c), the response earned the first point on line 1 by connecting the acceleration of O at

t =1 to the derivative of its velocity at # = 1 and stating the correct acceleration. Note the required
connection is also made if the response stated only vQ' (1)=1.027. The second point was not

earned because an incorrect conclusion was made.

In part (d), the response earned the first point for J:| vP(t)| dt online 1. The second point was

earned for the correct total distance traveled, J:|vp(t)| dt =1.931, online 1.

Sample Identifier: H

Score: 5

The response earned 5 points: 3 points in part (a), no points in part (b), no points in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for .[0 sin(z‘l‘5 ) dt on line 3 on the left. The second

1
point was earned for 5 + .[0 sin(z‘l's) dt = 5.371 on lines 3 and 4 on the left. The third point was

1
earned for 10 + .[o(t —1.8)-1.25"' dt = 8.564 on lines 3 and 4 on the right.

In part (b), the response earned no points because there was no connection made between the
direction of motion of either particle and the sign of its velocity. Also, there was no reference to the
relative positions of the particles at ¢ = 1.

In part (c), the response did not earn the first point because there was no connection made between

!

Vo and 1.027. The value 1.027 alone is not sufficient to demonstrate that connection. The second

point was not earned because the response stated “is increasing at  =1.”

VA
In part (d), the response earned the first point for Io ‘sin(tl'5 )‘ dt on line 2. The second point was

earned for the correct total distance traveled, Lﬂ sin(tl'5 )‘ dt =1.931, onlines 2 and 3.
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AP® Calculus AB 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: I

Score: 5

The response earned 5 points: 1 point in part (a), no points in part (b), 2 points in part (c), and 2
points in part (d).

1
In part (a), the response earned the first point for .[0 vp(t) dt online 3. The second and third points

were not earned because both positions are incorrect.

In part (b), the response earned no points because there was no connection made between the
direction of motion of either particle and the sign of its velocity. Also, there was no reference to the
relative positions of the particles at ¢ = 1, and the response incorrectly concluded that the particles
are moving away from each other.

In part (c), the first point is earned on lines 2 and 3 where the connection between V'(¢) and a(t) is
made explicit, and the correct value of a(1) = 1.0269 is stated. The second point was earned for
“The speed of particle O is decreasing at time ¢ = 1 because the velocity is negative and the

acceleration is positive, which are different signs.” The response goes on to state the signs of
v(1) < 0 and a(1) > 0 onlines 7 and 8.

In part (d), the response earned the first point for the definite integral J:| vP(t)| dt online 1. The

second point was earned for I:| vp(t)| dt and the correct total distance traveled, 1.9315, stated on

line 3. Note that the stated answer of 1.9315, which is given to four decimals places, is correct
when truncated to three decimal places.

Sample Identifier: J

Score: 5

The response earned 5 points: 3 points in part (a), no points in part (b), 2 points in part (c), and no
points in part (d).

1
In part (a), the response earned the first point on line 2 for .[0 vp(t) dt. The response earned the

1
second point on line 3 for 5 + jo vp(t) dt = 5.371. The response earned the third point on line 6 for

1
10 + jon(t) dt = 8.564.

In part (b), the response earned no points because there was no connection made between the
direction of motion of either particle and the sign of its velocity. Also, there was no reference to the
relative positions of the particles at ¢ = 1.

In part (c), the response earned the first point on line with vQ'(l) =1.027 on line 1. Note that if the

response began with only aQ(l)zl .027, this would not have been sufficient to earn the first point.

The second point was earned for the declared value of vQ' (1) and the statement “speed is

decreasing b/c velocity and acceleration of particle O at ¢ = 1 have different signs.”

In part (d), no points were earned because the response presents the definite integral of velocity
instead of the definite integral of speed. Because the answer is incorrect, the response did not earn
the second point.

© 2021 College Board.
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AP® Calculus AB 2021 Free-Response Questions

3. A company designs spinning toys using the family of functions y = cxv4 — x2, where c¢ is a positive
constant. The figure above shows the region in the first quadrant bounded by the x-axis and the graph of
y=cxv4 — xz, for some c. Each spinning toy is in the shape of the solid generated when such a region is

revolved about the x-axis. Both x and y are measured in inches.

(a) Find the area of the region in the first quadrant bounded by the x-axis and the graph of y = cxv4 — x2
for c = 6.

2
d 0(4 — 2x
(b) Itis known that, for y = cx\4 — xz, d_y = For a particular spinning toy, the radius of the
X 4 —x

largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?

(c) For another spinning toy, the volume is 27z cubic inches. What is the value of ¢ for this spinning toy?

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part B (AB or BC): Graphing calculator not allowed
Question 3 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

A company designs spinning toys using the family of functions y = cxv4 — x*, where ¢ isa positive constant.

The figure above shows the region in the first quadrant bounded by the x-axis and the graph of y = cxV4 — X2,

for some c¢. Each spinning toy is in the shape of the solid generated when such a region is revolved about the
x -axis. Both x and y are measured in inches.

© 2021 College Board
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(@)

Model Solution Scoring

Find the area of the region in the first quadrant bounded by the x-axis and the graph of y = cxv4 — x°

for ¢ = 6.
6xVd—x2 =0 = x =0 x =2 Integrand 1 point

Area = I§6x\/4 —x% dx

Let u = 4 — X2 Antiderivative 1 point

du = 2x dx = —%duzxdx

x=0=>u=4-0>=4

x=2=>u=4-2>=0

2 0 0 4
j 6xV4 — x2 dx = f 6(—1)6 du = —3j u? qu = 3j u? du
0 4 2 4 0

=4
= 22" = 2.8 =16
u=0
The area of the region is 16 square inches. Answer 1 point

Scoring notes:

e Units are not required for any points in this question and are not read if presented (correctly or
incorrectly) in any part of the response.

e The first point is earned for presenting cxv4 — x* or 6xV4 — x> as the integrand in a definite

integral. Limits of integration (numeric or alphanumeric) must be presented (as part of the definite
integral), but do not need to be correct in order to earn the first point.

o Ifan indefinite integral is presented with an integrand of the correct form, the first point can be
earned if the antiderivative (correct or incorrect) is eventually evaluated using the correct limits of
integration.

e The second point can be earned without the first point. The second point is earned for presentation

of a correct antiderivative of a function of the form Axv4 — x*, for any nonzero constant A. If the

response has subsequent errors in simplification of the antiderivative or sign errors, the response
will earn the second point but will not earn the third point.

e Responses that use u -substitution and have incorrect limits of integration or do not change the
limits of integration from x- to u -values are eligible for the second point.

o The response is eligible for the third point only if it has earned the second point.

e The third point is earned only for the answer 16 or equivalent. In the case where a response only
presents an indefinite integral, the use of the correct limits of integration to evaluate the
antiderivative must be shown to earn the third point.

e The response cannot correct —16 to +16 in order to earn the third point; there is no possible
reversal here.

Total for part (a) 3 points

© 2021 College Board
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(b)

dy C(4 B 2x2) . _ .
= . For a particular spinning toy, the radius of the

It is known that, for y = cxV4 — P A S i
dx V4 - x?
largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?

The cross-sectional circular slice with the largest radius occurs Sets dy 0 1 point

where cxvV4 — x> has its maximum on the interval 0 < x < 2. dx

v V) s

dx V4 — x?

x=«/§:>y=c«/§’4—(«/§)2=2c Answer 1 point
2c=12 = ¢c=06

Scoring notes:

e The first point is earned for setting b _ 0 M =0, or 0(4 - 2x2) =0
N PR T -

e Anunsupported x = v2 does not earn the first point.
e The second point can be earned without the first point but is earned only for the answer ¢ = 0.6

with supporting work.
Total for part (b) 2 points

© 2021 College Board
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(©)

For another spinning toy, the volume is 27 cubic inches. What is the value of ¢ for this spinning toy?

2 2 2 F f the int d 1 point
Volume = .[0 7[(ch4 —x? ) dx = ”CZJO x° (4 - xz) dx orm ot the integran potn
Limits and constant 1 point
> 2 Antiderivative 1 point
= 7Z'CZJ‘ (4)(2 - x4) dx = rc? ix3 - lx5
0 3 57 1o
el (2 B 2) _ 64rnc? Answer 1 point
B 3 5/ 15
64nc’ 2 _ 15 _ [15
15 —27r:>c—32:>c— 3

Scoring notes:

2
e The first point is earned for presenting an integrand of the form A(x\/4 -x ) in a definite integral

with any limits of integration (numeric or alphanumeric) and any nonzero constant 4. Mishandling
the ¢ will result in the response being ineligible for the fourth point.

e The second point can be earned without the first point. The second point is earned for the limits of
integration, x = 0 and x = 2, and the constant 7 ( but not for 27 ) as part of an integral with a

correct or incorrect integrand.

e Ifan indefinite integral is presented with the correct constant 7z, the second point can be earned if

the antiderivative (correct or incorrect) is evaluated using the correct limits of integration.
2 2
e A response that presents 2 = Jo (cx«/4 - x° ) dx earns the first and second points.

e The third point is earned for presenting a correct antiderivative of the presented integrand of the
7\2 .. . .
form A(x\/4 -Xx ) for any nonzero A. If there are subsequent errors in simplification of the

antiderivative, linkage errors, or sign errors, the response will not earn the fourth point.

e The fourth point cannot be earned without the third point. The fourth point is earned only for the
correct answer. The expression does not need to be simplified to earn the fourth point.

Total for part (c) 4 points

Total for question 3 9 points
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3

Sample A

i 1

3 B e

Answer QUESTION 3 part (a) on this page.

y

dy o
T‘-O

Yrar

| A:jo"?)\(:: du. ﬂffquidu = \&lu}{ll 11
0

\ Response for question 3(a) \

9= bx {4y =0

) o
A= | bxVy—xz dy us 4

0 dw= -2¢dx

2
i X

[ ]

A= ZCHHLJDHL‘) - il(‘zh‘{i'—b) = 2(6) :[L -

Page 8

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
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Sample A
o3 3 @ 3 @ nocacuratorarowen @ 3 [ 3 &

Answer QUESTION 3 parts (b) and (c) on this page.
'Response for question 3(b) |
Largest Covss Secron Whas ¢ 1S qreatest (maximum 06y on qragh) -
Fl-u’ MAK:

by ) o ((420)=0
Y NCEY =24t

N7 uz )L (1araest codms of cross ~Sechion equots 11, Ui
AL '% C ?; Mat Yy valuk )

= e VY%

.= ¢ \ﬁ.(m\ll:ﬂ" = Cﬁ (m) = LE(\G—)‘-‘-Z(’
N |
¢s L2 | -

Responsetorqueaﬁonsuﬂ | 2 A
V= f yrdx = rrf [cnﬁ) dy = ch‘J ‘ﬁm-x‘)dm=“ctj(‘lt?"f‘)d%
0

1] - Wc‘[(”%?'%’ﬂ)%".f‘f)_]
V= me(2i9-297) . ()
c‘,\){ z h'c?’(u)

s
L, b = o =
cts 32 D =\
b\

Page 9 .
Use a pencil or pen wlth black or dark biue ink only. Do NOT write your name. Do NOT write outside the box.
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Sample B

‘3 3 @ 3 I3 nocarcuratoraLoweo (@ 3 8] 3 Bl *

Answer QUESTION 3 part (a) on this page.

y

L

0

| Response for question S(n)J

6xJi <O
0 FL

Page 8

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
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SampleB
o‘ 3 3 -NocALcumonALLowzon . 3 N

Answer QUESTION 3 parts (b) and (c) on this page.

|  Response for question 3(b)

hedugs =

kadins 1 brf“'“"f é‘v-‘-O
- (1) c(9-22)0

0 % / x=\Z

[z = ¢z -G ¢ 0-6

= C - 7 :
:(ioﬁﬁ/ e udie g ¢ fo Hhin
o 0

' Response for question 3(c)

6
\}¢ ’g (i) dx

6-_-:2 MMLC,MM ;-lf"t «
Tre o
2% = 5] (gnr)dx (’/wag : gf-——
0
= (3-2 )/ -c’r(ﬁ )
Page 0 C"l C% %

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
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Sample C

'3’ NnocaLcuLAaTORALLOWED (3] 3 |3 3.3

Answer QUESTION 3 part (a) on this page.

y

|Flesponsaforquesﬁon3(a)i

1 1/ 0 s
A= S@ 6y (u-x") r'cl/z“ S-B Wedu = -ZH%'

let = Y- x©
-2xdx

£ dn o
L(9)=d

L) =0

u 4

3/ 3/t
= -z (9) +2(4) b

h=\b

Page 8

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.




Sample C
|-. 3 8 3 @ nocaccutatorauowen [ 3§ 3 @

Answer QUESTION 3 parts (b) and (c) on this page.

 Response for question 3(b)|

C(H'ZE_Z_L_O Lk
= Jm“:ﬁ
o

CJE\M-(»/&)Z:L;L tuhen €2 0.6

Response for question 3(c) |

S@,xﬁ"x')dx-—zn'
Scx(H XY9dx=7T = Sc (x*~/ 1 lx

O S RN AS ON

ST

Page 9 .
Use a pencil or pen with black or dark blue ink 6nfy. Do NOT write your name. Do NOT write outside the box.
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Sample D

3 | 3 3 nocALcuLATORALLOWED 3

Answer QUESTION 3 part (a) on this page.
y

!Hesponaaforquesﬂon 3(a)
Y:mel =0
s b = 0or {4-¢ =0
A =0 or x = &

PAvea = fz(éxm)a\x = [—Z,fq—-xl)

0 3

Page 8

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
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I wocaLcuLaTon aLoweo (81 3 181 3

Answer QUESTION 3 parts (b) and (c) on this page.

A

Besponsa for question 3(b)
At \f:.-:l-.z’ _'I_‘___-—-_-O
> ¢ (4- 2% =0
5 Ax =Y
xt =1
x =N
/'-Q: C(J._Z—)-]L}——ml
12 = c W22 = e
C = A_E = 03 >

[y 0c = 5

"N

Response for question 3(c)

2w =1rg'2’ (cx m)ux

0

L E

2= [t (E5)]

[d ('1- -?:t2

Page 9

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
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=
-

'3 nocarcuratorautowep [ 3 3 3 @

Answer QUESTION 3 part (a) on this page.

y.

0
-Hesponseforqueetiona{a)\ Gz [&{..;," = 0O
~ * 2 = 0
U } Lﬂ.m— szl
1
A= fﬁa‘- ‘4-:&"" o=
/]
2
H‘Lt"art u""q"‘?f bf"f U
JuL = -20¢ da U= () uz4¢
_SM;Gau

4‘9 L+ % ‘}f
"f--—"bJJ: s y
! afafw. )t - 2(4-0Y) tj
3 3

l E;) { A 1, -
'5(0 - 2(4) ) i
3

Ptooa e

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box. .
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Sample E

Answer QUESTION 3 parts (b) and (c) on this page.

| Response for question 3(b)

o

¢(4-2*): O

11z o2 xJy-f5)

Use a pencil or pen with black or dark biue ink only. Do NOT write your name. Do NOT write outside the box.

e -

———— - ¢Je J(J"f -1 -
- | — -
= L £

c@'w1)‘o ,!" C.Jt,_x / -
q-22%= 0 R -
=t ez L -
131/1 | Z :
= ﬁ- l C‘; 0'6 :
-2 * -

| Response for question 3(c) | y= 1% -
dut * -2 I =

il .'\f- '2- -t =
V= }l".;dx R -
. L :

v i ]C w= -1 < ma
2 Jy do ot -

cn - 270 u-1') h 2 E
) ZT/ s = ) / - & =
7 /J“u I E N =
. g 3/ 5 ¢ =
2 t} J',. f - c"_’.‘i-s- -

— Jo | 7 ~ e = 2 - -

{,1[ 2 [¢d ﬂ | pagees 2. C e -

@ osorens ® ® e o o0

Y ooo.i




Sample F

3 3 3 3 8 nocaccuatoractowen [ 3 8 3 3 ¢

Answer QUESTION 3 part (a) on this page.

y

'Response for question 3(a) |

bound,gd ’b\' O-and 0= Jq-ﬂ‘

=Y
=1

w-t vhshivhon:

!
e aces = Io bx -t dx -xt ou'e -1 dx

w= 4

= s“:aﬁ dw

-z

| By ucl
™|
~ sl

' T
RETCEL I
z -5 G+ 3 (4-0)

=1

area of region in Forgt 1\»&0‘“‘""" bovnded by x-oxis
and He qfﬂfl"\ of y= ‘1.“1.-1'1' v 7
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B

Answer QUESTION 3 parts (b) and (c) on this page.

Response for question S(bL-

ilﬂti*"lm MEANS 4 g Bxivium ‘F"‘ . |
Se %{-' 206 when %= l?-"%

dy _ c(a-aat
e

0=z ¢

0"' c (q- %)

s

6=c(E

o= (B

6= o

Response for question 3(c}}

R L:. (“m),_ P

2 = [0 (ot (e ax

TGS P
15 ¥ (EguSedy®) |t
)

2o = o+ (-96 +1C0)

30= ¢t (W
1 1

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

D osorece e O L oe o ® 0 0




Sample G

3 3 & 3 @ nocaccuatoratowep (8 3 @ 3 NJ

Answer QUESTION 3 part (a) on this page.

y
]

Y

Response for question 3(a) y=0  hin X=0 o x=2

y=zCx 4 Y-x>

pfo oo

o

Page 8
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Answer QUESTION 3 parts (b) and (c) on this page. Ld- y

Response for question 3(b) (;I x}«
b4

Al el merimm i§ Y7 L o~ U ‘JW?

Xz~
LR = (L-\F})JH -
| k= B ﬁ
(D =20

Page 9
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Answer QUESTION 3 part (a) on this page.

¥

| Response for question 3(a)
2
C’-'«é‘ - A;{D 6){-’7‘f‘-qu{X
W éﬂf V ‘f"‘X
/ e
soclx 0o dTR gdids

},.;,(:‘ 0 ‘;’x
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Bj‘fc{.ﬁ
(3¢ ]0
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/ £ in’ .]
(L& in ~ |
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Answer QUESTION 3 parts (b) and (c) on this page.

 Response for question 3(b) | / ¢M _O
dy CC?Q"‘Q ?':l';v(’“ﬁ STz

o AT

wa—ﬁf’q"l' ){"1/7?-,
L
~/
9{&: (ﬂ/’i)m
O.6=( ST %72
(;

0.3

-
-

\5\&«0

-
-—

' Response for question 3(c)

V= 7,7T""'5
- z VL-UW
l/ - W'g e xVirdse b= 42 e 7/(0:.%'/:&"‘
sfof e e T dnzoxdx
£t/ e
B¢ ;

V=5 B a -
o
L
: § [¥-7]
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Answer QUESTION 3 part (a) on this page.
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||0mmlotquetbm3{a} g;a; bp'ﬁ.{f‘r.'

N % "‘Ji‘ﬁ-':f T Wyt
A"‘— S h[h-xi)‘hd# }
L\/8
2 198 (9(."" e
As b( =D ) »
i '3;.(-—{3)- ”:5{*1‘;13

-

Fl - ]m m\

Page 8

[

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.



Sample I

4 — - " - 3
o 3 @ 3 ¥ nocacuLaTorRALLOWED 3 3 8§ 3 @

Response for question 3(b)
?): C,tm

dy i

4 C,Lm-it) ..

=

Answer QUESTION 3 parts (b) and (c) on this page.

4= 1x
- L o
h"d_ PR g adeis l"")
X=vi1 (N & :
2
3D Vs (Va1
1= C&'T
1z 26

Response for question 3(c) - b“f"u":,z ~ 2

x+7,1
vk o x (oY de

L R AN o T

S: x (e ur) dy 2|
, |
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Response for question 3(a)
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Answer QUESTION 3 parts (b) and (c) on this page.

R

—A

iFIespmeforquestio-n 3(b) -
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'Response for question 3(c) |
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 3

Sample Identifier: A

Score: 9

The response earned 9 points: 3 in part (a), 2 in part (b), and 4 in part (c).
In part (a), the response presented the correct integrand in a definite integral and earned the first

3/2 2

point. The antiderivative of 3u 3 with the definition u = 4 — x? is correct and earned the

second point. The response has the correct answer and earned the third point.

dy c(4 - 2x2)

= 0. The answer is
dx 4 —x*

In part (b), the response earned the first point for stating
correct and the response earned the second point.
In part (c), the response presented y2 as the integrand of a definite integral and earned the first

point. Note that since y = cxV4 — ¥’ is given in the statement of the problem, a response can
reference the function by using y for the first point. The limits and constant are correct and earned
the second point. The antiderivative is correct and earned the third point. The response is eligible

for the fourth point. The answer is correct and earned the fourth point. Note that @ = ﬂ/;—z

Sample Identifier: B

Score: 8

The response earned 8 points: 3 in part (a), 2 in part (b), and 3 in part (c).
In part (a), the response presented a correct integrand in a definite integral and earned the first

point. The antiderivative 3 -%-(bﬁ/ 2) with the definition u = 4 — x? is correct and the response

earned the second point. Note that the sign of the antiderivative is consistent with the limits of
integration. The response is eligible for the third point. The answer is correct and earned the third
point. Note that units were not required for this problem.

In part (b), the response set % = 0 and earned the first point. The answer is correct and earned
the second point.

In part (c), the response presented an integrand of the correct form in a definite integral in the first
line and earned the first point. The limits and constant on the third line are correct and earned the
second point. The antiderivative is correct and earned the third point. The response is eligible for
the fourth point. There is an error in simplification that results in an incorrect answer and the
response did not earn the fourth point.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.



AP® Calculus AB/BC 2021 Scoring Commentary

Question 3 (continued)

Sample Identifier: C
Score: 7

e The response earned 7 points: 3 points in part (a), 2 points in part (b), and 2 points in part (c).

e In part (a), the response presented the correct integrand in a definite integral and earned the first
point. The antiderivative of -2u? /2 with the definition of u = 4 — x? is correct and the response
earned the second point. Note that the sign of the antiderivative is consistent with the limits of
integration. The response is eligible for the third point. The answer is correct and earned the third

point.
c(4 - 2x2)

V4 - x*
and earned the second point.
e In part (c), the response presents an integrand of the correct form in a definite integral and earned

the first point. The limits and constant are correct and earned the second point. The response

3 5 2
incorrectly presents [x_ - x_] as the antiderivative of (xV4 - x? ) and did not earn the third

3 5

point. Note that there was an error in using the distributive property that leads to an incorrect
antiderivative. Without earning the third point, the response is not eligible for and did not earn the
fourth point.

e In part (b), the response earned the first point for setting = 0. The answer is correct

Sample Identifier: D
Score: 7

e The response earned 7 points: 3 points in part (a), 2 points in part (b), and 2 points in part (c).
e In part (a), the response presented the correct integrand in a definite integral and earned the first

3/2
point. The antiderivative —2(4 - xz) / is correct and earned the second point. The answer is

correct and earned the third point. Note that showing the use of u-substitution is not required to
earn the second point.

e In part (b), the response set % = 0 and earned the first point. The answer is correct and earned

the second point. Note that simplification of % was not necessary to earn the second point.

e In part (c), the response presented the correct integrand in a definite integral and earned the first
point. The limits and constant are correct and earned the second point. The antiderivative
presented is incorrect and did not earn the third point. The response is not eligible for and did not
earn the fourth point.
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Question 3 (continued)

Sample Identifier: E

Score: 6

The response earned 6 points: 3 points in part (a), 2 points in part (b), and 1 point in part (c).
In part (a), the response presented the correct integrand in a definite integral and earned the first
3/2
2
point. The antiderivative —3 {%} with the definition u = 4 — x” is correct and earned the
second point. Note that the sign of the antiderivative is consistent with the limits of integration.
The response is eligible for the third point. The answer is correct and earned the third point. Note

that the substitution of u = 4 — x? after finding the antiderivative and using the limits of x = 0
and x = 2 was not necessary to evaluate the antiderivative.

In part (b), the response earned the first point by stating % = 0. The answer is correct and earned
the second point.

In part (c), the integrand is not of the correct form and the response did not earn the first point. The
limits and constant are correct and earned the second point. Because the integrand was not of the
correct form, the response is not eligible for and did not earn the third point. Without earning the
third point, the response is not eligible for and did not earn the fourth point.

Sample Identifier: F

Score: 6

The response earned 6 points: 1 point in part (a), 1 point in part (b), and 4 points in part (c).
In part (a), the response presented the correct integrand in a definite integral and earned the first

point. For u = 4 — x2, the antiderivative —%M?’ /? is incorrect and the response did not earn the
second point. The response is not eligible for and did not earn the third point.

In part (b), the response earned the first point by setting % = 0 in the second line. Note that the
first point does not require the response to solve the equation correctly. The response does not
have the correct answer and did not earn the second point.

In part (c), the response presented an integrand of the correct form in a definite integral and earned
the first point. The limits and constant are correct and the earned the second point. The
antiderivative of the integrand is correct and earned the third point. The response is eligible for the

fourth point. The answer is correct and earned the fourth point. Note that the answer of % is

. 15
lent t —.
equivalent to ,/ )
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Question 3 (continued)

Sample Identifier: G
Score: 5

e The response earned 5 points: 1 point in part (a), 2 points in part (b), and 2 points in part (c).

e In part (a), the response presented the correct integrand in a definite integral and earned the first
point. The response does not present further work and did not earn the second point or the third
point.

e In part (b), the response earned the first point with setting Z,—y = 0. The response has the correct
x
answer and earned the second point. Note that the answer did not need to be simplified.

e In part (c), the response has an integrand of the correct form in a definite integral and earned the
first point. The limits and constant are correct and the response earned the second point. No
further work is presented and the response did not earn the third point and did not earn the fourth
point.

Sample Identifier: H
Score: 5

e The response earned 5 points: 3 points in part (a), 1 point in part (b), and 1 point in part (c).
e In part (a), the response presented the correct integrand in a definite integral and earned the first

point. The response presented the correct antiderivative as 3[%(1,:)3/ 2} with the definition

u = 4 — x* and earned the second point. The response was eligible for the third point. The answer
was correct and earned the third point. Note that units are not required as part of this problem and
did not need to be stated to earn points.
c(4—~4 )
= —=——= = (. Note that this

e In part (b), the response earned the first point with d_y
V2 V2

X

statement includes both setting % = 0 and solving the equation in one step. The response does
not have the correct answer and did not earn the second point.

e In part (c), the response does not have an integrand of the correct form and did not earn the first
point. The limits and constant 7 are correct and the earned the second point. The response is not
eligible for and did not earn the third point since the integrand was not of the correct form. The
response is not eligible for and did not earn the fourth point.
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Question 3 (continued)

Sample Identifier: I

Score: 3

The response earned 3 points: 1 point in part (a), 2 points in part (b), and 0 points in part (c).

In part (a), the response presented the correct integrand in a definite integral and earned the first
point. The antiderivative presented is incorrect since the sign of the antiderivative is incorrect and
the response did not earn the second point. The response is not eligible for and did not earn the
third point.

dy c(4 - 2x2)
In part (b), the response earned the first point by stating -— = ——+ = 0. The answer is
dx V4 — x?

correct and the response earned the second point.

In part (c), the integrand presented is not of the correct form and the response did not earn the first
point. The constant 27 is incorrect and the response did not earn the second point. Without an
integrand of the correct form, the response is not eligible for the third point and is not eligible for
the fourth point. The response did not earn the third point and did not earn the fourth point.

Sample Identifier: J

Score: 3

The response earned 3 points: 3 points in part (a), O points in part (b), and 0 points in part (c).
In part (a), the response presented the correct integrand in a definite integral and earned the first
point. Note that integration symbol is treated as the symbol for an integral in the presence of

correct work. The antiderivative is presented correctly as —3 [%u” 2} with the definition

u = 4 — x* and earned the second point. Note that the sign of the antiderivative is consistent with
the limits of integration. The response is eligible for the third point. The answer is correct and
earned the third point.

In part (b), the response did not earn the first point. Note that the equation in the first line is not set
equal to 0 and did not earn the first point. The first point is earned for the setup of an equation that
can be solved for the x -value where the maximum occurs. Substitution of 1.2 for x in the second
line results in an expression equal to 0 that cannot be solved for x. The answer is incorrect and
did not earn the second point.

In part (c), the integrand cxv4 — %% is not of the correct form and did not earn the first point. The

limits of integration are correct but the constant s is missing. Therefore, the response did not earn
the second point. Without an integrand of the correct form, the response is not eligible for and did
not earn the third point and did not earn the fourth point.
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Visit College Board on the web: collegeboard.org.



AP® Calculus AB 2021 Free-Response Questions

2 \

—4
Graph of f

4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = I(: f(¢) dt.

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).

. Gx)
(¢) Find lim —————.
x—2 x° — 2x

(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a

value ¢, —4 < ¢ < 2, for which G’(¢) is equal to this average rate of change? Justify your answer.

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part B (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

SN

—4
Graph of f

Let f* be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = .[: f(¢) at.

Model Solution Scoring
G'(x) = f(x) in any part of the response G'(x) = f(x) 1 point

Scoring notes:

o This “global point” can be earned in any one part. Expressions that show this connection and
therefore earn this point include: G' = f, G'(x) = f(x), G"(x) = f'(x) in part (a),

G'(3) = f(3) inpart (b), or G'(2) = f(2) in part (c).

Total 1 point
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(a) On what open intervals is the graph of G concave up? Give a reason for your answer.
G'(x) = f(x) Answer with reason 1 point
The graph of G is concaveup for -4 < x < -2 and 2 < x < 6,
because G' = f is increasing on these intervals.
Scoring notes:
e Intervals may also include one or both endpoints.

Total for part (a) 1 point

(b) Let P be the function defined by P(x) = G(x)- f(x). Find P'(3).
P'(x)=G(x)- f'(x)+ f(x)-G'(x) Product rule 1 point
P(3)=G@3)- f'(3)+ /(3)-G'(3)

3 ' .
Substituting G(3) = J.o f(t)dt =-35and G'(3) = f(3) =-3 G(3) or G'(3) 1 point
into the above expression for P'(3) gives the following:
P'(3)=-35-1+(-3)-(-3)=55 Answer 1 point

Scoring notes:

o The first point is earned for the correct application of the product rule in terms of x or in the
evaluation of P'(3). Once earned, this point cannot be lost.

e The second point is earned by correctly evaluating G(3) = -3.5, G'(3) = -3, or f(3) = -3.

e To be eligible to earn the third point, a response must have earned the first two points. Simplification
of the numerical value is not required to earn the third point.

Total for part (b) 3 points
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" Find fim &)
x—2 x° - 2x

lim (x2 _ 2x) -0 Uses L’Hospital’s 1 point
X2 Rule
Because G is continuous for -4 < x <6,
lim G 2 dt=0
lim G(x) = | /(1) dt = 0.
e G(x) .
Therefore, the limit lim ———— isan indeterminate form of
x—2 x° - 2x

0
type 0
Using L’Hospital’s Rule, Answer with 1 point
lim G(x) .. G'(x) justification

X—>2x2 _2x x—>22x—2
S Q)4

x>22x—2 2 2
Scoring notes:

e To earn the first point, the response must show lim (x2 - Zx) =0 and lim G(x) = 0 and must
x—2 x—=2

show a ratio of the two derivatives, G'(x) and 2x — 2. The ratio may be shown as evaluations of the

derivatives at x = 2, such as @

e To earn the second point, the response must evaluate correctly with appropriate limit notation. In

particular the response must include lim Lx) or lim M
x—>22x =2 x—>22x—2

G'(x)
2x =2

e With any linkage errors (such as = @ ), the response does not earn the second point.

Total for part (c) 2 points
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(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee

avalue ¢, —4 < ¢ < 2, for which G'(c) is equal to this average rate of change? Justify your answer.

_[? _ [ _ Average rate of 1 point
G(2) = [ (1) dt =0 and G(-4) = [~ f(t) dt = -16 hanes
_G(2)-G(-4) _0-(-16) 8
Average rate of change = (4 ; =3
Yes, G'(x) = f(x) so G is differentiable on (—4, 2) and Answer with 1 point
justification

continuous on [—4, 2]. Therefore, the Mean Value Theorem

applies and guarantees a value ¢, —4 < ¢ < 2, such that
(o= 8
G'(c) = 3

Scoring notes:

e To earn the first point, a response must present at least a difference and a quotient and a correct

0+16  GR)=G(=4) _16
6 6 6

evaluation. For example,

e Simplification of the numerical value is not required to earn the first point, but any simplification
must be correct.

e The second point can be earned without the first point if the response has the correct setup but an
incorrect or no evaluation of the average rate of change. The Mean Value Theorem need not be
explicitly stated provided the conditions and conclusion are stated.

Total for part (d) 2 points

Total for question 4 9 points
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4 NOCALCULATORALLOWED (4 4 4

Answer QUESTION 4 parts (a) and (b) on this page.

]
-6

LL\M

' Response for question 4(a)
& 0O = LD
GOV = ¢
on (F4,-2) and (2,0) , GLO) s concove vp
pecawde () (wah s Eq_\rM o Q) hos a
posthue slope /is ‘mueasing .

[Huponseforquesﬁon«i(b);

PO = G 0O« £100 (oo
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\

B = GB‘&-S £ dd < 1,
3 = 4»=-%
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Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
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Answer QUESTION 4 parts (c) and (d) on this page.

'Response for question 4(c)

lim Q\L’O ~\m~. (P2 =D Must use \hopnh.lswle

b oo Iy
lvmn (TI‘LIJ - -ﬂ.?-) - .._l-l_
A2 2""1 L‘"Z S I

1 -
L4t - .
[Heaponsa for question 4(d)‘ Sn{ d So (D (L*: Ffi” 3*')'

AROC of & = G - GEW) Q — (-1&)

= -

b _%
2 ~(-W) 2+4 b 3

The meanvaive Yigorem does Avaranieeo vodve . c|
< e 2, ov waon CXER o €qual +o avemod
(ade of wwgl Tws & ketse oD~ £

aNd w=k exisrs for all voloves, YA MR ANy Yot

GUX) 15 oANNUOLS on H cloRd 1Ay vad and
A er enhnble i Fae opn v ok

Page 11
Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

@ asens L L I o o o0 o o0 ] ‘J



Sample B
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Answer QUESTION 4 parts (a) and(b}opthh page.

)

6

/ T\
-4 | 2 |0 y 4

TN
\

4

Graph of f

Response for question 4(a)| 5
G is concave up on e interveds C-'-l,-a.)ut?.,e.) ;
This iy beaase &I = £/ Fla) s positive ia He inketvals
(-1, 7DV (L) becawse He slope of P is postive here, Siace
G"(0= P, G"(m) % also pnahwe« mmms Gr. i5 conoNe UR

|Reaponaeforquuﬂon 4(b) |
O = G0 flx) Gl - f'oe)

Pl = G HD ¥ G F(D

Pz gLy + (v [0« )
P = 3D+ [lca)t'-.) () - (B OYS) |
. |
P@=9+ (3-=97% =3  p@="% |
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Use a pencil or pen with black or dark biue ink only, Do NOT write your name. Do NOT write outside the box.
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"Answer QUESTION 4 parts (c) and (d) on this page. -

 Response for question 4(c) | ) i
Ok , -
lim __G_'L’,'l_ = Im S._., @9 - & L, Hegpwis rule -
131 -2 % w(x-1) o ' -
s S ROdE e B .E‘% - -
19k 2.y, T 22-2 a9 2 -
G _ -
. - % -
T2 * -

= |

=
inopomloquopf(ﬂf); 2 a valwe ¢ E-?r' -_‘q“.f_ e for :
, G-(:O} Y ek (i) equals He cveoye | =
G'Ce) = : cokt of chorge becawse G(x) -
2-(=D is completely ditferentiade -
. - b 'nbay ‘o o
, §ene - S"pu,)ab R
§l= % o - O Gla=Y | =
G . ) -
O —((ﬂ(( )+ 200 s (00 | (D -
G'Cc) = [ )cl) =
6 i -
’ — L *.9 +* 2 _'_é_ e _?_ :
| _Page 11 =
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@ 4 4 4 M nocacuLaTorALloweD @ 4 @ 4 4

Answer QUESTION 4 parts (a) and (b) on this page.

_ek
/

\

/ 1\1

:{ -2 0'\: I4
N\ L
-2
= N
Grapnoff*—q‘

'Response for question 4(a)

Ty

\§ (OnEOWETUD 0y gy
i T e

£00= o/ 00 S \mmsng
0N MertR VRRANVANS.

Response for question 4(b)

P (X)= GOX) 109} =p-%

POO= Gl o) Lo

P 00 = G 00 mq m )

P = (-9 T)* (- 224 43\ ()
=9+(-3-5)

Page 10

Use a pencil or pen with black or dark biue ink only. Do NOT write your name. Do NOT write outside the box.

0037907 wa oW EE N




NO CALCULATOR ALLOWED 4

Sample C
4 m

U e

,  Answer QUESTION 4 parts (c) and (d) on this page.

Response for question 4(c) !
bm & . O
X*2% x“-2X 0

IHeapomo for question 4(d) ‘
owvoL = thﬂ-"g_‘(“n
L-(-4)

= =4-0

=\-%
3 .
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Answer QUESTION 4 parts (a) and (b) on this page.

6
/
/ 2mm
3‘( =2 [ 9 Mgl 4
LY
A
X . |
o) =Joftt)dt‘ Graphof /

 Response for question 4(a)|
@x) = OO sp= £0-0

G“(x) = F(x)

oncoave 'up‘- [-4:,-2) and [2,0]

@) =F(x) > O

' Response for question 4(b)
P (x) = (@ (x) - F(x) ’
Prx) = Grox) Fox 4 FOO @00
P'(3)= () £13) + €3 ('(3)

Em{‘(”““\z) £1-3(-2)

_,_1._0\-*7|8 lj
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Answer QUESTION 4 parts (c) and (d) on this page.

| Response for question 4(c) \

_ G )y -9 /H
lim 2% 0 - 0O

X2 2

L
im oV - @) = = F=]
X992 2x—2 <

G'(2)= f(2)= -4

' Response for question 4(d) !

J On(x) dx _

NO becavse (x) is not dufferentiapie
at (-y, 2)
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Answer QUESTION 4 parts (a) and (b) on this page.
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5.
g Jol-

Response for question 4(a)

The amph of G % (oncave vp on the iﬂl-efm‘s
('Ll/ '2) v L—)—, G) bec.ause (o 15 concave vp wher
(9I 15 iﬁcr‘ea\&in‘j_' q\qd G‘(Y): )c()f)_

'Response for question 4(b) | ('-I][l)[q}_,)s 3{%"3'% =-3-1 =‘-.g--5-_.,”5

PO = G- Fx)
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Answer QUESTION 4 parts (c) and (d) on this page.

 Response for question 4(c) |
0
\_\o

lim  6'C) o _ g0
YL Ix-N rD- o

The Ilﬁ\,-ﬁsn’j. 3umran¥-ee the valve of ¢, :
Corr which (' (©) 15 equal o the average rote o
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change of G beca e
' y : @ $ fhe
mbe of change A% different sine 5

“4d T Tl b 3 -y

Response for question 4(d) | o .Ll- -Y = -E.
6(2) - 6(-Y) _ 0 -(.__(gwﬂ)) el g
-4- . -6 C o6 3
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&fiﬁﬂ"l.ue- 6;

| |
9((1)_(91(.!)_- 4O . M, ;IS@""’""’é -

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.




4 4 4 nocALCULATOR ALLOWED (4

Answer QUESTION 4 parts (a) and (b) on this page.
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Graph of f

' Response for question 4(a)
G 15 (onave wp whow @

b(t)= (Tuau
G)(,?‘-)': Clx)
G

) 70 =4 '(¢) 20

L0970 on (-4, (1,¢) -

Since 47(x)>0 on [-4,2)
(2.¢), G*() 50 en (-4,-1) and

(2,¢). Thutlire, G 1y concave
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—

| Response for question 4(b)
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2 L S:{(El“ (¢
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> 44 Qi - o
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Answer QUESTION 4 parts (c) and (d) on this page.
 Response for question 4(c) |
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Answer QUESTION 4 parts (a) and (b) on this page.
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Answer QUESTION 4 parts (c) and (d) on this page.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 4

Sample Identifier: A

Score: 9

The response earned 9 points: 1 global point, 1 point in part (a), 3 points in part (b), 2 points in part
(c), and 2 points in part (d).

The global point was earned in the first line of part (a) with the statement G'(x) = f(x).

In part (a) the response earned the point with the presentation of the correct intervals and the
reason “ f(x) which is equal to G'(x) has a positive slope/is increasing.”

In part (b) the response earned the first point with the correct product rule presentation in the first
line. The second point was earned for the correct values for both G'(3) and G(3) although only

one correct value was necessary for this point. The third point was earned with the expression
(—3)(—3)+(1)(—%). Simplification of this expression is not necessary.

In part (c) the response earned the first point with the extended equation of limits in the first line
and the ratio of derivatives in the second line. The second point was earned with the correct ratio
of derivatives accompanied by limit notation and the correct (unsimplified) answer.

In part (d) the response earned the first point for a valid attempt to calculate the average rate of
change of G and a correct result. The second point was earned with the answer, “The mean value
theorem does guarantee a value c ...,” and the statement that G(x) is both differentiable and

continuous.

Sample Identifier: B

Score: 8

The response earned 8 points: 1 global point, 1 point in part (a), 3 points in part (b), 2 points in part
(c), and 1 point in part (d).

The global point was earned in the second line of part (a) with the statement G"(x) = f'(x).

In part (a) the response earned the point with the presentation of the correct intervals and the
reason “ f'(x) is positive in these intervals.”

In part (b) the response earned the first point with the correct product rule in the first line. The
second point was earned for the correct values for both G'(3) and G(3) although only one correct
value was necessary for this point. The third point was earned with the correct final answer.

In part (c) the response earned the first point with the % in the first line and the ratio of

derivatives. (Note: The notation “ = %” is considered acceptable mathematical notation for

identifying this indeterminate form. Use of this notation does not impact earning either point in
part (c).) The second point was earned with the correct ratio of derivatives accompanied by limit
notation and the correct answer.

In part (d) the response earned the first point for a valid form of the average rate of change of G
(using the average value of G') and a correct result. The second point was not earned since the
justification does not include a statement of continuity.

© 2021 College Board.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 4 (continued)

Sample Identifier: C
Score: 7

e The response earned 7 points: 1 global point, 1 point in part (a), 3 points in part (b), 2 points in part
(c), and 0 points in part (d).

¢ The global point was earned in the first line of part (a) with the statement f(x) = g(x). This
response uses the lower case g to represent the function G in many cases.

e In part (a) the response earned the point with the presentation of the correct intervals and the
reason “ f(x) = g'(x) is increasing on these intervals.”

e In part (b) the response earned the first point with the correct product rule in the third line. Note
that f(x) was correctly replaced with g(x) in the second line before the derivative was

presented. The second point was earned for the correct values for both G'(3) and G(3) although
only one correct value was necessary for this point. The third point was earned with the correct
final answer.

e In part (c) the response earned the first point with the % in the first line and the ratio of

derivatives. (Note: The notation “ = %” is considered acceptable mathematical notation for

identifying this indeterminate form. Use of this notation does not impact earning either point in
part (c).) The second point was earned with the correct ratio of derivatives accompanied by limit
notation and the correct answer.

e In part (d) the response did not earn the first point since an average rate of change of G' is
presented (not of G). The response is not eligible for the second point.

Sample Identifier: D
Score: 6

e The response earned 6 points: 1 global point, 1 point in part (a), 2 points in part (b), 2 points in part
(c), and 0 points in part (d).

o The global point was earned in part (a) with the statements G'(x) = f(x) and G"(x) = f'(x)
(either statement would have earned the point).

e In part (a) the response earned the point with the presentation of the correct intervals and the
reason that G"(x) = f'(x) > 0. Note that the inclusion of the endpoints does not affect whether
the point is earned.

e In part (b) the response earned the first point with the correct product rule in the second line. The
second point was earned for the correct value for G'(3). The value of G(3) is not correct; however,
only one correct value was necessary for this point. The third point was not earned since the final
answer is not correct.

e In part (c) the response earned the first point with % in the first line and the ratio of derivatives in

the second line. (Note: The notation “= %” is considered acceptable mathematical notation for

identifying this indeterminate form. Use of this notation does not impact earning either point in
part (c).) The second point was earned with the correct ratio of derivatives accompanied by limit
notation and the correct answer.

e In part (d) the response did not earn either point since this response gives the average value of G,
not the average rate of change of G. The response is not eligible for the second point.

© 2021 College Board.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 4 (continued)

Sample Identifier: E

Score: 6

The response earned 6 points: 1 global point, 1 point in part (a), 2 points in part (b), 2 points in part
(c), and 0 points in part (d).

The global point was earned in part (a) with the statement G'(x) = f(x).

In part (a) the response earned the point with the presentation of the correct intervals and the
reason that G’ is increasing.

In part (b) the response earned the first point with the correct product rule in the second line. The
second point was earned with the value of G'(3) as -3 in the fourth line. Note that the incorrect
value of G(3) did not affect this point since only one correct value of G(3) or G'(3) is required.
The third point was not earned due to the incorrect final answer.

In part (c) the first point was earned with the arrows pointing from the numerator and denominator
to the value 0 and by the ratio of derivatives. The second point was earned with the correct ratio of
derivatives accompanied by limit notation and the correct answer.

In part (d) the first point was not earned since the average rate of change presented is not correct
(denominator should be 2 — (—4)). Because this is not a valid average rate of change form, the

response is not eligible for the second point.

Sample Identifier: F

Score: 5

The response earned 5 points: 1 global point, 1 point in part (a), 2 points in part (b), 1 point in part
(c), and 0 points in part (d).

The global point was earned in part (a) with the statement G'(x) = f(x).

In part (a) the response earned the point with the presentation of the correct intervals and the
reason that f’(x) > 0.

In part (b) the response earned the first point with the correct product rule in the first line. The
second point was earned for the correct value for G'(3) (denoted f(3)). The value of G(3) is not

correct; however, only one correct value was necessary for this point. The third point was not
earned since the final answer is not correct.
In part (c) the response did not earn the first point since no evidence of lim2 G(x)=0 or

x—

lim2 ( x? - Zx) = (0 is given. The second point was earned with the correct ratio of derivatives
X—>

accompanied by limit notation and the correct answer.

In part (d) the response did not earn the first point since the result given is incorrect; however, the
response is eligible for the second point since a valid attempt to find the average rate of change of
G was presented. The response does not earn the second point since the continuity and
differentiability of G is not stated.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 4 (continued)

Sample Identifier: G

Score: 5

The response earned 5 points: 1 global point, 1 point in part (a), 1 point in part (b), 2 points in part
(c), and 0 points in part (d).

The global point was earned in part (a) with the statement G"(x) = f'(x).

In part (a) the response earned the point with the presentation of the correct intervals and the
reason “ f'(x) is positive on these interval.”

In part (b) the response earned the first point with the correct product rule presentation. No further
points were earned since the values of G(3) and G'(3) are not clearly stated and the final answer

is not correct.

In part (c) the response earned the first point with % and the ratio of derivatives. (Note: The

notation “= %” is considered acceptable mathematical notation for identifying this indeterminate

form. Use of this notation does not impact earning either point in part (c).) The second point was
earned with the correct ratio of derivatives accompanied by limit notation and the correct answer.
In part (d) the response earned no points since there was not a valid attempt to find the average
rate of change of G.

Sample Identifier: H

Score: 4

The response earned 4 points: 1 global point, 1 point in part (a), 2 points in part (b), O points in part
(c), and 0 points in part (d).

The global point was earned in the statement g'(x) = f(x) above part (a).

In part (a) the response earned the point with the presentation of the correct intervals and the
reason “the f function is increasing.”

In part (b) the response earned the first point with the correct product rule in the second line. The
second point was earned for the correct value for G'(3). Note that only one correct value of G'(3)

and G(3) was necessary to earn this point. The third point was not earned as no final answer was

presented.
In part (c) the response did not earn the first point since there is no evidence of 1im2 G(x) =0 or
X—>

lim2 (x2 - 2x) = (0 given although a ratio of derivatives is presented. The second point was not
X—>

earned since a final answer was not given.

In part (d) the response did not earn the first point since the result is incorrect; however, the
response is eligible for the second point since a valid attempt to find the average rate of change of
G was presented. The second point is not earned since G is stated to be not differentiable.
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AP® Calculus AB/BC 2021 Scoring Commentary

Question 4 (continued)

Sample Identifier: I
Score: 4

e The response earned 4 points: 1 global point, 1 point in part (a), 2 points in part (b), 0 points in part
(c), and 0 points in part (d).

o The global point was earned in the third line of part (a) with the statement f(x) = G'(x).

e In part (a) the response earned the point with the presentation of the correct intervals and the
reason “when f(x) = increasing, then G(x) = concave up.”

e In part (b) the response earned the first point with the correct product rule in the second line. The
second point was earned for the correct value for G(3). The value for G'(3) is incorrect, but only
one correct value was necessary for this point. The third point was not earned since the final
answer is incorrect.

e In part (c) the response did not earn the first point since there is no evidence of P_}mz G(x) =0 or

lim2 (x2 - 2x) = 0 given. The second point was not earned since the ratio of derivatives does not
X—>

have limit notation.
e In part (d) the response did not earn the first point since there is not an attempt to calculate the
average rate of change of G. The response is not eligible for the second point.

Sample Identifier: J
Score: 3

e The response earned 3 points: 0 global points, 0 points in part (a), 2 points in part (b), 1 point in
part (c), and O points in part (d).

e The global point was not earned since there is no valid connection statement presented in any part
of this response.

e In part (a) the response did not earn the point since the interval is incorrect.

e In part (b) the response earned the first point with the correct product rule presentation in the
second line. The second point was earned for the correct value for G’(3). Not that only one correct

value (G(3) or G'(3)) is necessary for this point. The third point was not earned since the final

answer is not correct.
e In part (c) the response did not earn the first point since there is no evidence of lim2 G(x)=0 or
X—>

lim2 (x2 - Zx) = 0 given. The second point was earned with the correct ratio of derivatives
x—>

accompanied by limit notation and the correct answer.
e In part (d) the response did not earn the first point since an average value of f was presented.

Since the connection of f to G’ was never stated, this response is not eligible for points.
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AP® Calculus AB 2021 Free-Response Questions

. Consider the function y = f(x) whose curve is given by the equation 2y2 — 6 =ysinx for y > 0.

dy Yy COos x
(a) Show that — = ———F—.
dx 4y —sinx

(b) Write an equation for the line tangent to the curve at the point (0, v/3 ).

(¢) For 0 £ x £ and y > 0, find the coordinates of the point where the line tangent to the curve is
horizontal.

(d) Determine whether f has a relative minimum, a relative maximum, or neither at the point found in
part (c). Justify your answer.

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part B (AB): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

Consider the function y = f(x) whose curve is given by the equation 2 y? —6 = ysinx for y > 0.

Model Solution Scoring

@ Show that @ = _YCOSX

dx 4y —sinx’

d(y 2 _d, . dy _dy . Implicit differentiation 1 point
dx(2y 6)—dx(ysmx):4ydx—dxsmx+ycosx

dy dy . dy : 3 Verification 1 point
Gy gy Sinx = ycosx = dx(4y sin x) = ycos x
dy _ ycosx

dx 4y —sinx

= 4y

Scoring notes:
e The first point is earned only for correctly implicitly differentiating 2 y2 — 6 = ysin x. Responses

. . d
may use alternative notations for d_z’ such as y'.

e The second point may not be earned without the first point.

. . d . . .
e [t is sufficient to present d—§(4 y —sin x) = y cos x to earn the second point, provided that there are

no subsequent CITOrS.

Total for part (a) 2 points
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(b)  Write an equation for the line tangent to the curve at the point (0, v3).

dy _ 3cos0 1 Answer 1 point

At the point (0, \/g), B AB —sn0 "%

An equation for the tangent line is y = /3 + %x.

Scoring notes:
e Any correct tangent line equation will earn the point. No supporting work is required. Simplification

of the slope value is not required.

Total for part (b) 1 point

(¢) For 0<x <7z and y > 0, find the coordinates of the point where the line tangent to the curve is

horizontal.
dy __ycosx _ _ o dy _ 1 point
dx—4y—sinx_0 = ycosx=0and 4y —sinx =0 Sets dx_o

Vs T 1 point
ycosx=0andy>0:x:7 x=7
Whenng, ySinx=2y2—6:>ysin%=2y2—6 y=2 1 point

= y=2y"-6=2y"-y-6=0
= 2y+3)(y-2)=0= y=2

When x = % and y =2, 4y —sinx = 8 — 1 # 0. Therefore, the

line tangent to the curve is horizontal at the point (%, 2).

Scoring notes:

e The first point is earned by any of d—i =0, LY _ 0, ycosx =0, or cosx = 0.

d. > 4y —sinx
e [fadditional “correct” x-values are considered outside of the given domain, the response must
commit to only x = 5 to earn the second point. Any presented y -values, correct or incorrect, are

not considered for the second point.

z
2
third point. The third point is earned for finding y = 2. The coordinates do not have to be presented

e Entering with x = =~ does not earn the first point, earns the second point, and is eligible for the
as an ordered pair.

e The third point is not earned with additional points present unless the response commits to the
correct point.

Total for part (c) 3 points
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(d) Determine whether f* has a relative minimum, a relative maximum, or neither at the point found in

part (c). Justify your answer.

5 .

2 (4y —sinx) ﬂcos x— ysinx|—(ycosx) 4 _ cos x| Considers 42 1 point
a7y _ dx dx i
dx? (4y —sin x)*

5 .
When x =Z and y =2, a7y . (l 2) 1 point
2 dx? 2’
. T T . T T T
dzy _ (4~2 - smE)(O-cos? —2-sin 5) - (200s7)(4'0 — cos 5)
d? ( . )2
4.2 —sin—
2
(DD - _ 2,
(7)° !
f has a relative maximum at the point (l, 2) because b _ 0 Ans'wer \,mth 1 point
2 dx justification
2
and d—;j < 0.
dx
Scoring notes:
2
e The first point is earned for an attempt to use the quotient rule (or product rule) to find %
X
o . d?y . d*y
e The second point is earned for correctly finding F and evaluating to find that F <0 at
X X

(%, 2). The explicit value of —% or the equivalent does not need to be reported, but any reported

values must be correct in order to earn this point.
e The third point can be earned without the second point by reaching a consistent conclusion based on
2 dy

the reported sign of a nonzero value of 2y obtained utilizing o 0.

dx?
e Imports: A response is eligible to earn all 3 points in part (d) with a point of the form (%, k) with

k > 0, imported from part (c).
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Alternate Solution for part (d) Scoring for Alternate Solution
For the function y = f(x) near the point (1, 2), 4y —sinx >0 C0n51d.ers sign of 1 point
2 4y —sin x
and y > 0.
dy  ycosx "y . dy 1 point
Thus, dx Ay —sinx changes from positive to negative at i changes from
T positive to negative at
X ==
2 x=Z
2
By the First Derivative Test, f* has a relative maximum at the Conclusion 1 point

point (%, 2).

Scoring notes:

The first point for considering the sign of 4y — sin x may also be earned by stating that 4y — sin x
is not equal to zero.

The second and third points can be earned without the first point.

. d o
To earn the second point, a response must state that d—i (or cos x) changes from positive to

. 3
negative at x = >
The third point cannot be earned without the second point.

A response that concludes there is a minimum at this point does not earn the third point.

Total for part (d) 3 points

Total for question 5 9 points
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f
“Response for question 5(a) |
7'>/1 -6 = ysinX

4”,": )/Cas'x+7f'$inx
4)/7' -ylﬁnx =y cosX
Yl(‘*’y-s’;‘nx) = y€o5 X
| _ )/COS‘)(

-S5iNX

L). é_;’ &4, (O/\f?) - \{_}COS(,U) :ﬁ(l) = _"E;.____.L
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Sample A
[- 5 I§ 5 8 nocaicuLatoraLtowen 81 5 8 5 |§

Answer QUESTION 5 parts (c) and (d) on this page. |
/. Response for question 5(c) )'-y:, -6 = ysinx ‘1
5\,4 _ yeesx . L A
A& - 1(,{-51“& )¢O. M ' 6 - O s X

0= 1225 .
4>, —sinx T 7-7"' -6 = Y fm(*‘z}
= vy
171-""'5 4
0= ycosx Ly*-y-6 =0
y10 XFO (Ly+3) (y-1) =0 :
since ¥y =2 1),4(3:0 5 =g
Oz yosX (g5 (0= L 2= -3
™ and
-2 O# |

 Response for question 5(d)

’ %_y: yLosx
X

‘l), -sinX . -
é‘iy s:rw)l x(-smxﬂy COSXJ (ytOSx)(‘]y _.cpgx}
Ry ~siax)*
m,( n.) A : T (4 L- lTD.(—l)i-&mJ M
(461)-1\
7y G-V | e | -z
dx” (9-)* _7"'- - .
: Conca_ve
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" Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a)

1y > I
L’H%‘i -0y (5% . 3'15'“"
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Answer QUESTION § parts (c) and (d) on this page. :
Response for question 5(c) | : 4
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Answer QUESTION § parts (a) and (b) on this page.

i Response for question 5(a)
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Answer QUESTION 5 parts (c) and (d) on this page.

 Response for question 5(c) |
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Sample D

Answer QUESTION 5 parts (a) and (b) on this page.

' Response for question 5(a) |

297 -6 =(nx)
Uy gy =(9cosx)r (Cinxdy )
ox ax

= =
Ay -Ciny) = Yeosx
A (" Hy-(inX)

Ay _ \GEEEH JCo¢X
dx  HgEeeX Uy~ (ny

'Response for question 5(b) \F).)
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Answer QUESTION 5 parts (c) and (d) on this page.

Response for question 5(c)
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i Response for question 5(d)
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Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a) |
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Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a)
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Answer QUESTION 5 (¢) and (d) on this page.
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Answer QUESTION § parts (a) and (b) on this page.
s
'Response for question 5(a)
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'Response for question 5(b)
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Answer QUESTION 6 parts (c) and (d) on this page.

Response for question 5(c) \
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Answer QUESTION 5 parts (a) and (b) on this page.

' Response for question 5(a) |
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Answer QUESTION 5 parts (c) and (d) on this page.

Response for question 5(0}!

(x) ™
1224 woily) = 0 0s*¢
ql‘_M‘].ica 4 qeasld=0 4

- I
x= 2

27"*6 = ,.l_ Sn"\(g)

1‘|‘r6 =0
2.r=6 ~
) P
\3 (7 )
5 '
 Response for question 5(d) |
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Answer QUESTION 5 parts (a) and (b) on this page.

 Response for question 5(a) |

Uy dy = dy 5iny + Y COSY
ydy = ¢ Y

Uydy —sinxdy - veos
T8 a%( Je0Sx

dy - yeosx
d‘ | L‘\‘__s"ny_

 Response for question 5(b)|
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Answer QUESTION 5 parts (c) and (d) on this page.
[Hesponse for question 5(0)}
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Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a)
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Answer QUESTION 5 parts (c) and (d) on this page.
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AP® Calculus AB 2021 Scoring Commentary

Question 5

Sample Identifier: A

Score: 9

The response earned 9 points: 2 points in part (a), 1 point in part (b), 3 points in part (c¢), and 3
points in part (d).

In part (a) the response earned the first point in line 2 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response earned the second point with correct algebraic work in lines 3, 4, 5, and 6, verifying the

given expression for % Note that the response would have earned the second point with either

line 3 or line 4 leading to either line 5 or line 6.
In part (b) the response earned the point for a correct equation of the tangent line on line 2.
In part (c) the response earned the first point at the beginning of line 2 for setting the given

expression for % equal to 0. The response would have earned the second point at the beginning

of line 6 for the equation x = % with no other x-values present. In this case, the response earned

the second and third points with the commitment to the single ordered pair (%, 2) in the circled

statement.

42
In part (d) the response earned the first point in line 2 for an attempt to find d—f using the

x
d? y
quotient rule. The response earned the second point for a correct expression for 7 found on line
X
2

. d . - .
2 followed by a correct evaluation of d—;/ at the point (%, 2) in line 3 with no subsequent errors.
X
The response earned the third point with the circled statement, presenting a correct conclusion
2

with the justification “ d—;’ <0 at (1, 2). 7
dx 2

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: B
Score: 8

e The response earned 8 points: 2 points in part (a), 1 point in part (b), 3 points in part (c), and 2
points in part (d).

e In part (a) the response earned the first point in line 1 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response earned the second point with correct algebraic work in line 2 and no subsequent errors

leading to line 4, verifying the given expression for %

e In part (b) the response would have earned the point for a correct tangent line equation in line 2. In
this case, the response earned the point for an equivalent equation, boxed on line 3.

e In part (c) the response earned the first point on line 2 for the equation ycos x = 0. The response
would have earned the second point on line 2 for the statement “ x = % ” with no other x-values
present. In this case, the response earned both the second and third points with the correct boxed
ordered pair (%, 2).

e In part (d) the response does not present an attempt to find the second derivative as required in the
primary solution shown in the scoring guide, so we look to the alternate solution. The response
does not reference the sign of 4y — sin x, so did not earn the first point. The response earned the

second and third points for the statement “there is a relative max because Z—y changes from +
X
to —.” The response is not required to reference the point (%, 2) in the presence of a correct x-

value found in part (c), as the prompt specifically states “at the point found in part (c).” If an

incorrect x-value is found in part (c), the response must clearly reference x = % in part (d) to be

eligible to earn the second and third points.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.



AP® Calculus AB 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: C

Score: 7

The response earned 7 points: 2 points in part (a), 1 point in part (b), 2 points in part (c), and 2
points in part (d).

In part (a) the response earned the first point in line 2 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response would have earned the second point with either line 3 or line 4 leading to line 5. In this
case, the second point is earned for all work correctly presented.

In part (b) the response earned the point with the boxed equation of the tangent line. Note that any
form of this equation would be accepted.

In part (c) the response earned the first point with the initial statement on line 1 of “ % = 0.” The

response would have earned the second point with the boxed result of x = % on line 4 with no

other x-values present. In this case the second point was earned with the boxed ordered pair at the
start of line 5, the last line. The y -value in this ordered pair is incorrect, so the response did not

earn the third point.
. . . . _d?
In part (d) the response earned the first point on line 1 for attempting to find d—;} The response
by

d’y
dx?

earned the second point for a correct expression for on line 1 with a correct evaluation on line

3 consistent with the eligible ordered pair of (%, N&) ) imported from part (c). The response did not
d’y
dx*
conclude that the point is a maximum, but the statement “b/c the function is concave down” does

not clarify how the sign of the second derivative led to this conclusion.

earn the third point, as the justification given does not refer to the sign of The response does

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: D
Score: 6

e The response earned 6 points: 2 points in part (a), no points in part (b), 2 points in part (c), and 2
points in part (d).

e In part (a) the response earned the first point in line 2 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response would have earned the second point with the work in either line 3 or line 4 leading to line
5. In this case, the response earned the second point with correct algebraic verification work in
lines 3, 4, and 5.

e In part (b) the response did not earn the point because there is an error in the presentation of the

slope value, missing the subtraction in the denominator of the expression.
e In part (c) the response earned the first point in line 1 by setting % equal to 0. The response

earned the second point in line 4 with the correct x-value of % presented in the ordered pair. The

response presents an incorrect y-value of 1 in the ordered pair and did not earn the third point.

e In part (d) the response does not present an attempt to find the second derivative as required in the
primary solution shown in the scoring guide, so we look to the alternate solution. The response
does not reference the sign of 4y — sin x and did not earn the first point. The response is eligible

for the second and third points because the response references a point with the correct x-value of
%. The response earned the second and third points with the statement “ /' has a relative

maximum because the values of f’(x) switch from positive to negative at this x-value.” Note that
the stem of the question states that y = f(x), thus f'(x) is an acceptable alternative notation for

dy
dx’

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: E
Score: 6

e The response earned 6 points: 2 points in part (a), 1 point in part (b), 3 points in part (c), and no
points in part (d).

e In part (a) the response earned the first point in line 2 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response earned the second point with correct algebraic work in lines 3 and 4. This response
demonstrates a minimum amount of verification work required to earn the second point.

e In part (b) the response earned the point on line 3 with a correct tangent line equation.

e In part (c) the response earned the first point in line 1 with the equation Q = M = 0. The

dx 4y -—sinx
response would have earned the second point in line 2 of the second column with the presentation
of the single x-value of x = % In this case, the response earned the second and third points by

committing to the correct ordered pair in the final line.

e In part (d) the response does not present an attempt to find the second derivative as required in the
primary solution shown in the scoring guide, so we look to the alternate solution. The response
does not reference the sign of 4y — sin x and did not earn the first point. The response incorrectly

determined that % is not changing signs at the given point, thus the response is not eligible for

the second or third points.

Sample Identifier: F
Score: 5

e The response earned 5 points: 2 points in part (a), 1 point in part (b), 2 points in part (c), and no
points in part (d).

e In part (a) the response earned the first point in line 1 for correctly differentiating the given
equation. The response presents this in differential form, which is an accepted alternative notation.
Having earned the first point, the response is eligible for the second point. The response earned the
second point with correct algebraic work in lines 2 and 3. This response demonstrates a minimum
amount of verification work required to earn the second point.

e In part (b) the response would have earned the point for a correct tangent line equation on line 2. In
this case, the equivalent equation given in line 3 earned the point.

e In part (c) the response earned the first point at the start of line 1 for setting the given expression

for % equal to 0. The response would have earned the second point in line 2 for the statement

“when x = % ” with no other x-values presented. In this case, the ordered pair given on line 3

earned the second point. The response presents an incorrect value of y and did not earn the third
point.

e In part (d) the response does not present an attempt to find the second derivative as required in the
primary solution shown in the scoring guide, so we look to the alternate solution. The response
does not reference the sign of 4y — sin x and did not earn the first point. The response does not

state that Z—y is changing from positive to negative at the given point, thus is not eligible for the
X

second or third points.
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AP® Calculus AB 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: G

Score: 5

The response earned 5 points: 2 points in part (a), 1 point in part (b), 2 points in part (c), and no
points in part (d).

In part (a) the response earned the first point in line 2 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response earned the second point with correct algebraic work in line 3 and no subsequent errors

leading to line 5, verifying the given expression for %

In part (b) the response would have earned the point for a correct tangent line equation given in
line 2. In this case, the response earned the point for an equivalent equation, boxed on line 3.

In part (c) the response earned the first point in line 1 by setting the given expression for % equal

to 0. The response earned the second point in line 2 with the declared x-value of % given as the

first coordinate in an ordered pair. The response presents an incorrect y -value and did not earn

the third point.
In part (d) the response presents no relevant work and earned no points.

Sample Identifier: H

Score: 5

The response earned 5 points: 2 points in part (a), 1 point in part (b), 2 points in part (c), and no
points in part (d).

In part (a) the response earned the first point in line 2 with a correct implicit differentiation
equation. Having earned the first point, the response is eligible to earn the second point. The
response earned the second point with correct algebraic work in lines 3 and 4. The response shows
the minimum verification work required to earn the second point.

In part (b) the response would have earned the point for the first circled tangent line equation on
line 2. In this case, an equivalent equation is given in the second circled tangent line equation.
Both solutions are correct, so the response earned the point.

In part (c) the response earned the first point for the first equation in line 1, setting the given

expression for % equal to 0. The response earned the second point in line 2 with the statement
X

that x = % Note that no additional x-values are presented. The response does not earn the third

point since an incorrect y -value of V3 is given in the final ordered pair.

In part (d) the response does not present an attempt to find the second derivative as required in the
primary solution shown in the scoring guide, so we look to the alternate solution. The response
does not reference the sign of 4y — sin x and did not earn the first point. The response does not

state that d—y is changing from positive to negative at the given point, thus the response is not
X

eligible for the second or third points.
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AP® Calculus AB 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: I
Score: 4

e The response earned 4 points: 2 points in part (a), no points in part (b), 1 point in part (c), and 1
point in part (d).

e In part (a) the response earned the first point in line 1 for a correct implicit differentiation of the
given equation. Having earned the first point, the response is eligible to earn the second point. The
response earned the second point with correct algebraic work in lines 2 and 3. This response
demonstrates a minimum amount of verification work required to earn the second point.

e In part (b) the response did not earn the point. The response does not present a correct numerical
expression for the slope in the equation of the tangent line.

e In part (c) the response earned the first point on the last line for the equation % = 0. The

response does not present the correct x-value, so did not earn the second point. The response
does not present a y -coordinate and so did not earn the third point.

d’y
dx?
The attempt contains errors, so the response is not eligible for the second point. The response
presents no further work leading to a consistent conclusion, so the response did not earn the third

point.

e In part (d) the response earned the first point for an attempt at finding using the quotient rule.

Sample Identifier: J
Score: 3

e The response earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no
points in part (d).

e In part (a) the response is missing a factor of % on the left side of the equation in line 2, thus the

response did not earn the first point and is not eligible to earn the second point.
e In part (b) the response earned the point for a correct tangent line equation in line 1.

e In part (c) the response did not earn any points in line 1, since “at % ” does not specify x = %

The response earned the first point in line 2, stating that “ /" or % is 0,” and earned the second

point by stating “when % = x.” The response does not present the corresponding y -value

(¥ = 2), so did not earn the third point.

e In part (d) the response does not present an attempt to find the second derivative as required in the
primary solution shown in the scoring guide, so we look to the alternate solution. The response
does not reference the sign of 4y — sin x, so it did not earn the first point. In line 1, the response

states “the answer is minimum,” so the response is not eligible for the second or third points.

© 2021 College Board.
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AP® Calculus AB 2021 Free-Response Questions

6. A medication is administered to a patient. The amount, in milligrams, of the medication in the patient at

2—y
3

d
time ¢ hours is modeled by a function y = A(t) that satisfies the differential equation d—f = . Attime

t = 0 hours, there are 0 milligrams of the medication in the patient.

(a) A portion of the slope field for the differential equation % = 123 Y is given below. Sketch the solution

curve through the point (0, 0).
Y
A

NN N NN N NN

T NNNNNNNNNNNNNNN

¥ O A A A S A A A A A A A

ST ST S S S S S S S SS

VAV A A A SV A A S AN AN SV A a4

/1SS ST ST

VAV YA AV A A AV AV A AV

/L

L

A NN

L

L

OIIIII’I’III’IIIIIIIIIIIIIIIII'=t

(b) Using correct units, interpret the statement lim A(¢) = 12 in the context of this problem.
—w

(c) Use separation of variables to find y = A(¢), the particular solution to the differential equation

dy 12—y
dr

with initial condition A(0) = 0.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.
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AP® Calculus AB 2021 Free-Response Questions

(d) A different procedure is used to administer the medication to a second patient. The amount, in milligrams,

of the medication in the second patient at time 7 hours is modeled by a function y = B(¢) that satisfies the

d
differential equation 2 3 - L. At time ¢ = 1 hour, there are 2.5 milligrams of the medication in

dt t+2

the second patient. Is the rate of change of the amount of medication in the second patient increasing or

decreasing at time = 1 7 Give a reason for your answer.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part B (AB): Graphing calculator not allowed
Question 6 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

A medication is administered to a patient. The amount, in milligrams, of the medication in the patient at time ¢

hours is modeled by a function y = A(¢) that satisfies the differential equation % = 123_ Y Attime ¢ =0

hours, there are 0 milligrams of the medication in the patient.

Model Solution Scoring

(a) dy 12—y

A portion of the slope field for the differential equation -3 is given below. Sketch the

solution curve through the point (0, 0).

Y Solution curve 1 point

AN

EERNENE S Y YW
+ o~~~ ~N N N\
o~~~ SN NN VA
+ =~~~ >~>~>~NN\ M\
+ o~~~ xN\\\
+ ~ =~~~ >~>~>>N\ \\
+ ~~>~>~>~>~>>\\\
+~=>=>>>~>~~N\ N\ \
+~=~>~>>~>~>N\\\
+ ~~~~~ NN\

+ ~~~~N NN\

+ ~~ =~~~ >N\

+ S~~~ N N NN NN\

0

Scoring notes:
e To earn the point the solution curve must pass through the point (0, 0), be generally increasing and
concave down, and approach the horizontal asymptote from below as ¢ increases. The point is not

earned if two or more solution curves are presented.

Total for part (a) 1 point
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(b)  Using correct units, interpret the statement lim A(¢) = 12 in the context of this problem.
t—a0

Over time the amount of medication in the patient approaches Interpretation 1 point

12 milligrams.

Scoring notes:

99 ¢

e To earn the point the interpretation must include “medication in the patient,” “approaches 12,” and
units (milligrams), or their equivalents.

Total for part (b) 1 point

(¢)  Use separation of variables to find y = A(z), the particular solution to the differential equation

Y _ 1227 \ith initial condition 4(0) = 0.
dt 3
dy 12—y N dy _dt Separation of 1 point
dt 3 12—y 3 variables
dy _ (dt _t Antiderivatives 1 point
n-,-J3 > In|12 y|—3+C
—1/3-C Constant of 1 point

t
Inf12-y|=—5-C 12-y|=
| i 3 = | y=e integration and uses

= y=12+ Keit/ 3 initial condition

0=12+K = K =-12

y=At)=12- 127113 Solves for y 1 point
Scoring notes:
e A response of b _ 3 dt is a bad separation and does not earn the first point. However, this

12—y
response is eligible for the second and third points. It cannot earn the fourth point.

e Absolute value bars are not required in this part.

e A response that correctly separates to 1; c_ly 5 = dt, but then incorrectly simplifies to

4d_—yy = dt earns the first point (for the initial correct separation), is eligible for the second point

(for —In|4 — y| = ¢, with or without +C), but is not eligible for the third or fourth points.

e +In|l12-y|= L with or without +C) does not earn the second point and is not eligible for the
y 3 p g

z

3

¢ In all other cases, the points are earned consecutively — the second point cannot be earned without
the first, the third without the second, etc.

fourth point; +1n|12 — y| = = + C is eligible for the third point.

Total for part (c) 4 points
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

(d) A different procedure is used to administer the medication to a second patient. The amount, in
milligrams, of the medication in the second patient at time ¢ hours is modeled by a function y = B(¢)
dy . .
that satisfies the differential equation —- 7 =3- ; + Pt At time ¢ = 1 hour, there are 2.5 milligrams of
the medication in the second patient. Is the rate of change of the amount of medication in the second
patient increasing or decreasing at time ¢ = 1 ? Give a reason for your answer.

Quotient rule 1 point
ay _ Y dy_( l)dt(t+2) 7
dt t+2 7 g (t+2)
" 1 s t
B(1) = B(l):3_£:£ B"(1)< 0 poin
3 3
wy . B'(1):3-B()  65-25 4
B (1) - 32 = 9 = 9 <0
The rate of change of the amount of medication is decreasing at Answer with reason 1 point
2
time ¢ = 1 because B"(1) < 0 and % is continuous in an
t

interval containing ¢ = 1.

Scoring notes:

e The first point is for correctly applying the quotient rule to ; _J: 5 or applying the product rule to
y(t+ 2)_1 . Errors in differentiating the constant, 3, or handling the sign of the second term of %
will result in not earning the second point.

42
e The second point cannot be earned unless the second derivative d—; is correct.
t

e For the second point, it is sufficient to state the sign of B"(1) is negative with supporting work. If a

value is declared for B"(1), it must be correct in order to earn the second point.

o Eligibility for the third point: An attempt at using the quotient rule (or product rule) to find B"(1). In
this case, the third point will be earned for a consistent conclusion based on the declared value (or
sign) of B"(1).

Total for part (d) 3 points

Total for question 6 9 points
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Sample A
| e A
6 6 . 6 . NO CALCULATOR ALLOWED (6 6 g 6 & °

Answer QUESTION 6 parts (a) and (b) on this page.

' Response for question 6(a)
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Sample A

. - . %6 no caLcurator aoweo 61 ¢ 61 ¢ 16

Answer QUESTION 6 parts (c) and (d) on this page.

' Response for question 6(c)
dy _ 12 -3
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Sample B

o

-

B 6 @ 6 @ nocacutatoraoweo I 6 & 6 @& °

Answer QUESTION 6 parts (a) and (b) on this page.

Response for question 6(a)
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Sample B

r
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Answer QUESTION 6 parts (c) and (d) on this page.
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Sample C
N
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Answer QUESTION 6 parts (a) and (b) on this page.

| Response for question 6(a)
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Answer QUESTION 6 parts (c) and (d) on this page.
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Answer QUESTION 6 parts (a) and (b) on this page.

' Response for question 6(a)|
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Answer QUESTION 6 parts (¢) and (d) on this page.
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Answer QUESTION 6 parts (a) and (b) on this page.
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' Response for question 6(c)
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Answer QUESTION 6 parts (c) and (d) on this page.
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Answer QUESTION 6 parts (a) and (b) on this page.

' Response for question 6(a)
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Answer QUESTION 6 parts (c) and (d) on this page.
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Answer QUESTION 6 parts (a) and (b) on this page.

Response for question 6(a)|
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Answer QUESTION 6 parts (c) and (d) on this page.
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Answer QUESTION 6 parts (a) and (b) on this page.
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| Response for question 6(c)

dy a3
a3

dy 9 _
a‘?ﬁ;"‘
A+ T =Yy

[ =uy-£|

' Response for question 6(d) %_3 @ b= ?)"3_3__5:'_

. N
& ¥wR

Py - {-@[ﬁ)‘(‘b(h} Tl vade or-clch o.[‘.ﬂ('
ﬁﬁt‘-\Lm" m:c:i h\fdtfcd'm ™
C op)0s) pbent i3
= —(%i_)-—[—j-"f) dm,yﬁ; o '%“(ﬁ s

Pegoie.

Page 15
Use a pencll or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

B R EEEE——SS

®
L

me YY) o o o0 o S




AP® Calculus AB 2021 Scoring Commentary

Question 6

Sample Identifier: A

Score: 9

The response earned 9 points: 1 point in part (a), 1 point in part (b), 4 points in part (c), and 3 points
in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote.

In part (b) the response was earned because it references both “medication in the patient in
milligrams” and “approaching 12.”

In part (c) the response earned the first point on line 2 on the left side for a correct separation of
variables. The second point was earned on line 3 on the left side for correct antiderivatives. The third
point was earned for the “ + ¢” on line 3 on the left side with the use of the initial condition on line 4

on the left side. The fourth point was earned for a correct solution presented in the box on the last
line on the right side.

In part (d) the response earned the first point on line 2 for the correct second derivative expression. It
is unclear on lines 3 and the first part of line 4 whether or not the leading negative sign is in the
numerator or in front of the fraction, however, it is clear on the final presented numerical value. The
second point was earned for the correct numeric expression of the second derivative. The expression
does not have to be simplified to earn the point. The third point was earned for the answer
decreasing with the reasoning based on the sign of the second derivative at (1, 2.5).

Sample Identifier: B

Score: 8

The response earned 8 points: 1 point in part (a), 1 point in part (b), 3 points in part (c), and 3
points in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote. The point can still be
earned if the solution curve touches the asymptote.

In part (b) the response earned the point because of the statement “the amount, in milligrams, of
the medication in the patients blood approaches 12 milligrams.”

In part (c) the response earned the first point on line 1 for a correct form of the separation of

variables 3 3 dy = dt. The second point was earned on line 4 for correct antiderivatives with

correct u -substitution “—In|u| = %t + ¢.” The third point was earned for the “+ ¢ ” on line 5 with

the use of the initial condition on line 6. The response circles an incorrect solution and did not earn
the fourth point.

In part (d) the response earned the first point on line 2 for a correct second derivative expression.
The second point was earned on line 3 for the numeric expression of the second derivative at

“t =1, y = 2.5.” The expression does not have to be simplified to earn the point. The third point

was earned for the answer decreasing, with the reason “because the derivative of the rate of
change of the amount of medication in the second patient @ ¢ = 1 is negative.”

© 2021 College Board.
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AP® Calculus AB 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: C
Score: 8

e The response earned 8 points: 1 point in part (a), 1 point in part (b), 4 points in part (c), and 2
points in part (d).

¢ In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote. The solution curve
touches the asymptote but does not continue above the asymptote so the point was earned.

e In part (b) the response earned the point because it states “the amount of medication in the patient
will approach 12 mg.”

e In part (c) the response earned the first point on line 1 on the left side for the correct separation of
variables. The second point was earned on line 5 on the left side for correct antiderivatives. The
third point was earned for the “+ ¢” on line 5 with the use of the initial condition on line 6 on the

left side. The fourth point was earned for the correct solution on the last line on the right side.
e In part (d) the response earned the first point on line 1 for the correct second derivative expression.

The second point was not earned because of the incorrect numeric value % resulting from the

mistake on the previous line. The third point was earned for the consistent conclusion of

2
increasing based on the declared sign of “ ay >0.”

2
dr” |,
Sample Identifier: D

Score: 7

e The response earned 7 points: 1 point in part (a), 1 point in part (b), 2 points in part (c), and 3
points in part (d).
¢ In part (a) the response earned the point because the solution curve passes through (0, 0), is

increasing and concave down, and approaches the horizontal asymptote.

e In part (b) the response earned the point because it states “the amount of medication in the patient
approaches 12 mg.”

e In part (c) the response earned the first point on line 1 on the left side for the correct separation of
variables. The second point was not earned because of the incorrect antiderivative, 1n|12 - y| on

line 2. It should be —In|12 — y|. The third point was earned for the “+ ¢” on line 2 on the left side

with the use of the initial condition on line 3 on the left side. The response is not eligible for the
fourth point because of the incorrect antiderivative.

e In part (d) the response earned the first point on line 2 for a correct second derivative expression.
The second point was earned on line 3 for the correct numeric expression of the second derivative
at the point (1, 2.5). The expression does not have to be simplified to earn the point. The third

2

. . . d N
point was earned for the answer, decreasing, with the reason “because —;j < 0.
dt
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AP® Calculus AB 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: E

Score: 7

The response earned 7 points: 1 point in part (a), No points in part (b), 4 points in part (c), and 2
points in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote.

In part (b) the response references the amount of medication “converges to 12 ” which implies the
amount approaches 12, however, the point was not earned because the response references
“amount of medication the patient receives” instead of medication in the patient.

In part (c) the response earned the first point on line 2 on the left side for the correct separation of
variables. The second point was earned on line 4 on the left side for correct antiderivatives. The
third point was earned for the “+ ¢ ” on line 4 on the left side with the use of the initial condition on

line 5 on the left side. The fourth point was earned for the correct solution on the last line on the
right side.
In part (d) the response earned the first point on line 1 for the correct second derivative expression.
The second point was not earned because of the incorrect numeric value for the second derivative
on line 4 on the left side. The third point was earned for the answer decreasing with the correct

2

. . d
reasoning “since ary <0.”

dr’

t=1

Sample Identifier: F

Score: 6

The response earned 6 points: 1 point in part (a), no points in part (b), 4 points in part (c), and 1
point in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote.

In part (b) the point was not earned because the response states “12 milligrams is the maximum
amount” instead of “approaches 12 milligrams” and the response refers to the amount of
medication “a patient can receive” instead of the amount of medication in the patient.

In part (c) the response earned the first point on line 2 on the left side for the correct separation of
variables. The second point was earned on line 3 on the left side for the correct antiderivatives. The
third point was earned for the “+ ¢” on line 3 on the right side with the use of the initial condition

on line 2 on the right side. The fourth point was earned for a correct form of the solution presented
in the box on the last line.
In part (d) the first point was not earned because the expression for the second derivative is

incorrect. There is a missing 7); in the numerator. The response is not eligible for the second
point because the second point cannot be earned without the correct second derivative. The third
point was earned for the conclusion, decreasing, based on the reasoning “because the second

derivative is lessthan 0 at t =1.”
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Question 6 (continued)

Sample Identifier: G

Score: 5

The response earned 5 points: 1 point in part (a), 1 point in part (b), 3 points in part (c), and no
points in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote.

In part (b) the response earned the point because of the statement “the amount of medication in the
patient will level off at 12 milligrams” which implies that it approaches 12 milligrams.

In part (c) the response earned the first point on line 2 on the left side for the separation of
variables. The second point was earned on line 3 on the left side for correct antiderivatives. The
response uses “—In(12 — y)” instead of —In|12 — y| which is acceptable since 12 — y is greater

than 0 for y = 0. The third point was earned for the “+ ¢” on line 3 on the left side with the use of

the initial condition on line 1 on the right side. The response circles an incorrect solution and did
not earn the fourth point.
In part (d) the response earned no points because there is no reference to the second derivative.

Sample Identifier: H

Score: 4

The response earned 4 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 2
points in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote.

In part (b) the response earned the point because it states “the amount of medication in the patient
will approach but can never reach 12 milligrams.”

In part (c) the response did not earn the first point because I(12 — y)_1 dy = J3 dt is abad

separation. The response is eligible for the second point, which was not earned because of the
incorrect antiderivative In|12 — y| on line 3 on left side instead of —In|12 — y|. An algebra mistake

on line 7 on the left side caused “c; ” to be handled incorrectly and, as a result, the response is not

eligible for the third point. The response is not eligible for the fourth point because of the incorrect
antiderivative.

In part (d) the response did not earn the first point because there is a linkage error on line 1 on the
2

. . oL d
left side. The response equates the numeric second derivative, ary

% , to the symbolic
t

(1,2.5)

expression. The response is eligible for the second point because the correct second derivative is
given in the middle of line 1. The second point was earned for the correct numeric expression of
the second derivative at (1, 2.5) on line 5 on the left. The third point was earned for the circled

2
answer “It is decreasing because 62—; at (1, 2.5) is negative.”
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Question 6 (continued)

Sample Identifier: I

Score: 4

The response earned 4 points: No points in part (a), 1 point in part (b), 3 points in part (c), and no
points in part (d).

In part (a) the response did not earn the point because the solution curve does not extend far
enough to the right. It must be within 1 slope field segment of the right side of the window.

In part (b) the response earned the point because it states “the amount of milligrams of medication
in the bloodstream of the patient gets closer and closer to 12 milligrams.”

In part (c) the response earned the first point on line 3 on the left side for the correct separation of

. 3
variables j B

dy = Idt. The second point was earned on line 4 on the left side for correct

antiderivatives. The third point was earned for the “ + ¢” on line 4 on the left side with the use of

the initial condition on line 5 on the left side. The fourth point was not earned because the
response declares an incorrect expression for A4(¢), boxed at the top of the right side.

In part (d) no points were earned because there is no attempt at finding the second derivative.

Sample Identifier: J

Score: 4

The response earned 4 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 2
points in part (d).

In part (a) the response earned the point because the solution curve passes through (0, 0), is
increasing and concave down, and approaches the horizontal asymptote.

In part (b) the response earned the point because it mentions “amount of medication in the patient”
and “aproaches 12 milligrams.”

In part (c) the response did not earn the first point because it does not separate the variables. A
response that does not separate the variables is not eligible for any other points in part (c).

In part (d) the response earned the first point on line 2 for the correct second derivative expression.
The second point was not earned because equating the symbolic second derivative to the numeric
second derivative expression causes a linkage error. In this case, if the linkage error had not
occurred, the point would be earned for the correct unsimplified value of the second derivative at

¢t = 1. The third point was earned for the answer decreasing with the reason “ B"(7) is negative.”
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AP® Calculus BC 2021 Free-Response Questions

B

(centimeters) 0 1 2 25 4

" mo Pl 2| 6 |10 | 18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of r are given in the table above.

(a) Use the data in the table to estimate f’(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

(b) The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression

4 4
2 J.O rf(r) dr. Approximate the value of 27 jo r f(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the

petri dish? Explain your reasoning.

(d) The density of bacteria in the petri dish, for 1 < r < 4, is modeled by the function g defined by
g(r)=2— 16(005(1.57ﬁ))3. For what value of k, 1 < k < 4, is g(k) equal to the average value of g(r)

onthe interval 1 <r <4 ?

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
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AP® Calculus BC 2021 Free-Response Questions

2. For time ¢ > 0, a particle moves in the xy-plane with position (x(z), y(¢)) and velocity vector

2
<(t —1)e", sin<t1'25> > At time 7 = 0, the position of the particle is (—2, 5).

(a) Find the speed of the particle at time ¢ = 1.2. Find the acceleration vector of the particle at time t = 1.2.
(b) Find the total distance traveled by the particle over the time interval 0 < ¢ < 1.2.

(c) Find the coordinates of the point at which the particle is farthest to the left for # > 0. Explain why there is
no point at which the particle is farthest to the right for ¢ > 0.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part A (BC): Graphing calculator required
Question 2 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

For time ¢ > 0, a particle moves in the xy-plane with position (x(¢), y(¢)) and velocity vector

2
<(t -1e", sin(tl'25 )> At time ¢ = 0, the position of the particle is (-2, 5).

Model Solution Scoring

(a) Find the speed of the particle at time ¢ = 1.2. Find the acceleration vector of the particle at time ¢ = 1.2.

J(12)) + (v'(1.2))7 = 1271488 Speed 1 point

At time ¢ = 1.2, the speed of the particle is 1.271.

<x”(1,2), y"(1‘2)> = (6.246630, 0.405125) Acceleration vector 1 point

At time ¢ = 1.2, the acceleration vector of the particle is
(6.247 (or 6.246), 0.405).

Scoring notes:

e Unsupported answers do not earn any points in this part.

e The acceleration vector may be presented with other symbols, for example (, ) or [, ], or the
coordinates may be listed separately, as long as they are labeled.

e Degree mode: A response that presents answers obtained by using a calculator in degree mode does
not earn the first point it would have otherwise earned. The response is generally eligible for all
subsequent points (unless no answer is possible in degree mode or the question is made simpler by
using degree mode). In degree mode, speed = 0.844 and y"(1.2) = 0.023 (or 0.022).

Total for part (a) 2 points
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(b) Find the total distance traveled by the particle over the time interval 0 < ¢ <1.2.

1.2 .
IO JX (@) + (1)) dt =1.009817 Integrand 1 point

The total distance traveled by the particle over the time interval Answer 1 point
0<¢t<1.2is1.010 (or 1.009).

Scoring notes:

e The first point is earned by presenting the integrand \/(x'(t))2 +( y’(t))2 in a definite integral with
any limits. A definite integral with incorrect limits is not eligible for the second point.

e Once earned, the first point cannot be lost. Even in the presence of subsequent copy errors, the
correct answer will earn the second point.

o Ifthe first point is not earned because of a copy error, the second point is still earned for a correct
answer.

e Unsupported answers will not earn either point.

e Degree mode: distance = 0.677 (or 0.676) (See degree mode statement in part (a).)

Total for part (b) 2 points
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(¢) Find the coordinates of the point at which the particle is farthest to the left for ¢ > 0. Explain why there
is no point at which the particle is farthest to the right for ¢ > 0.

2 ' _ 3
X(t)=(t-1e =0=¢t=1 Sets x'(¢) =0 1 point
Because x'(¢) < 0 for 0 <¢ <1 and x'(¢) > 0 for ¢ > 1, the Explains leftmost 1 point
particle is farthest to the left at time ¢ = 1. position at 7 =1

One coordinate of 1 point

1
x(1)=-2+ jox’(z) dt = —2.603511

leftmost position

1
y(1) =5+ jo y(t) dt = 5.410486

The particle is farthest to the left at point Leftmost position 1 point
(—2.604 (or —2.603), 5.410).

Because x'(¢) > 0 for ¢ > 1, the particle moves right for 7 > 1. Explanation 1 point

2
Also, x(2) =2+ Io x'(¢) dt > -2 = x(0), so the particle’s

motion extends to the right of its initial position after time ¢ = 1.

Therefore, there is no point at which the particle is farthest to the
right.

Scoring notes:

The second point is earned for presenting a valid reason why the particle is at its leftmost position at
time ¢ = 1. For example, a response could present the argument shown in the model solution, or it

could indicate that the only critical point of x(#) occurs at r =1 and x(¢) changes from negative to
positive at this time.

Unsupported positions x(1) and/or y(1) do not earn the third (or fourth) point(s).

1
Writing x(1) = Io x'(t) =2 = -2.603511 does not earn the third (or fourth) point, because the

1
missing dt makes this statement unclear or false. However, x(1) = -2 + Io x'(t) = —2.603511 does

earn the third point, because it is not ambiguous. Similarly for y(1).

For the fourth point, the coordinates of the leftmost point do not have to be written as an ordered
pair as long as they are labeled as the x- and y -coordinates.

To earn the last point, a response must verify that the particle moves to the right of its initial position
(as well as moves to the right for all # > 1). Note that there are several ways to demonstrate this.

Degree mode: y-coordinate = 5.008 (or 5.007) (See degree mode statement in part (a).)

Total for part (c) 5 points

Total for question 2 9 points
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\ Response for question 2(a) \

Answer QUESTION 2 parts (a) and (b) on this page.
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Answer QUESTION 2 part (c) on this page.
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Answer QUESTION 2 parts (a) and (b) on this page.
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AP® Calculus BC 2021 Scoring Commentary

Question 2

Sample Identifier: A

Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), and 5 points in part (c).

In part (a) the response earned the first point with the radical expression on the second line. Note that
the response continues by simplifying and rounding correctly to the boxed answer of 1.271. While
simplifying was not necessary, given that it is presented, it must be correct. The response earned the

second point on the last line with the boxed answer of <6.247, .405> and the supporting work found
2 2
in the vector expression <(t — 1)(2tet ) +(1)e", cos(tl'25 ) 1.250% > on the lines above.

In part (b) the response earned the first point on the first line with the integrand, noting that it is
contained within a definite integral with numeric limits. As the limits on the integral are correct and
the boxed answer 1.010 is correct, the response earned the second point.

In part (c) the response earned the first and second points by noting that “ x'(#) is negative on (0, 1)

and is positive on (1, 00).” The second point is reinforced on lines two through six by explaining that
due to the fact that decreases until # = 1 and always increases afterward, it follows that x(1) is an
absolute minimum. The response earned the third point with the equations

1
-2+ jo(t - l)et2 dt = x(1) and x(1) = —2.604. The response earned the fourth point with the boxed

1
answer (—2.604, 5.410) and the supporting equation 5 + J‘O(sin(tl'25 )) dt = y(1) two lines above.

The response earned the fifth point in the final paragraph by noting that “ x'(#) increases toward
infinity on ¢ > 1” and correctly concluding that “there is no abs max of x(¢) (since x(¢) will thus be
increasing towards o0 on ¢ > 1).”
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AP® Calculus BC 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: B

Score: 7

The response earned 7 points: 2 points in part (a), 2 points in part (b), and 3 points in part (c).
In part (a) the response earned the first point with both the radical expression

\/(x’(l.2))2 +(»'(1.2))* and the boxed answer of 1.271. The response earned the second point on
the last line with the boxed answer of (6.247, 0.405> and the supporting work which is the vector
expression (x"(1.2), y"(1.2)).

In part (b) the response earned the first point with the integrand \/(x'(t))2 +()'(1))* in a definite

integral. The response earned the second point with correct limits on the integral and the answer
1.010.

In part (c) the response earned the first point by setting x'(#) = 0. Note that the expression in the
2

middle, (¢ - l)e’ , is correct, but it was not necessary to earn the first point. While the response

has the correct conclusion that “ x(#) has absolute minimum at 7 = 1, ” there is no appeal to a

global argument. The response even makes reference on the right to a relative minimum, but does
not state explicitly that there is only one critical point. Also note that the sign chart is not sufficient.
Thus, the response did not earn the second point. The response earned the third point on the right

1
with the equation x(1) = x(0) + -[0 x'(t) dt = =2.604. Note that the middle step in between is
correct but not necessary. The response earned the fourth point with both the boxed answer of

1
(—2.604, 5.410), and the additional supporting equation y(1) = y(0) + .[o Y'(t) dt =5.410. In the

last boxed paragraph, the response argues that there is not rightmost point due to the fact that “the

2
particle continues to move right because x'(¢) = (t —1)e’ always positive from (1, 00).” While
this statement about x'(¢) is true, it is insufficient without showing that the particle is eventually
to the right of the initial point. Hence, the response did not earn the fifth point.

© 2021 College Board.
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AP® Calculus BC 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: C
Score: 7

e The response earned 7 points: 2 points in part (a), 2 points in part (b), and 3 points in part (c).
e In part (a) the response earned the first point with the first two lines on the left. The first line is the
supporting work for the boxed answer of 1.271. The response earned the second point with the

last two lines on the left. The vector <x”(t), y”(t)> on the third line is the supporting work to the
boxed answer of (6.247, 0.405).
e In part (b) the response earned the first point on the second line with the integrand

\/()c’(t))2 +()'(1))*. The response earned the second point with correct limits on the integral and
the boxed answer 1.010.

2
 Inpart (c) the response earned the first point with the equation (¢ — l)e’ = 0. The second point is

not earned because the explanation provided by the sign chart is not sufficient to support the
conclusion of a global minimum for x(¢) at # = 1. The response earned the third point on the

1
second and third lines on the right with the equation x(1) = x(0) + .[0 x'(t) dt and the equation

x(1) = —0.604 + (-2), simplified correctly to —2.604. The response earned the fourth point with
both the boxed answer of (—2.604, 5.410), and the additional supporting equation

1
y(1) = y(0) + .[0 »'() dt on the fifth line on the right. Note that the apparent vector notation in this

presentation is not penalized. In the last paragraph the response correctly concludes that there is
no point farthest right; however, the response does not justify this sufficiently as it does not verify
that the particle is eventually to the right of the initial point. Therefore the response did not earn
the fifth point.
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AP® Calculus BC 2021 Scoring Commentary

Question 2 (continued)

Sample Identifier: D
Score: 7

e The response earned 7 points: 2 points in part (a), 2 points in part (b), and 3 points in part (c).

e In part (a) the response earned the first point with the second line (and subsequent consistent
work), as this is the exact answer. As the response continues and provides the answer correct to
three decimal places on the third line. The response earned the second point with the last two

lines. The vector (x”(1.2), y"(1.2)) on the fourth line is the supporting work to the answer
(6.247,0.405) on the last line.
e In part (b) the response earned the first point on the first line with the integrand

\/(x’(t))2 +( y'(1))*, in a definite integral. The response earned the second point with correct
limits on the integral and the answer 1.010.

e In part (c) the response earned the first point with the equation % = 0. While the response has

the correct conclusion that ¢ = 1, there is no argument as to why this corresponds to the leftmost
point. Thus, the response did not earn the second point. The response earned the third point with

1
the equation x(1) = x(0) + .[o x'(t) dt = -2 + (-0.604), simplified correctly to —2.604. The
response earned the fourth point with both the answer of (-2.604, 5.410), and the additional

1
supporting equation y(1) = y(0) + .[o »'() dt three lines above on the right. The response did not

earn the fifth point as the limit statement presented on the last line is not sufficient.

Sample Identifier: E
Score: 6

e The response earned 6 points: 1 point in part (a), 2 points in part (b), and 3 points in part (c).
e In part (a) the response earned the first point with the radical expression

\/(.8441392)2 + (0.9508477)2 . The response then simplifies and rounds to 1.271, the correct

answer rounded to three decimal places. The response did not earn the second point. While the
presented vector is correct, there is no indication of the derivatives being evaluated to produce this
answer.

e In part (b) the response earned the first point with the integrand presented in a definite integral. As
the limits of this integral are correct, the response earned the second point with the answer 1.01.

e In part (c) the response earned the first point in the last sentence by the claim that “the derivative
of x(#) never changes from positive to negative.” This statement provides evidence that x'(¢) is

being compared to 0. The response did not earn the second point as no argument is given
supporting an absolute minimum for x(z). The response earned the third point with both the

x -coordinate presented within the boxed answer, and with the supporting equation on the second
line. The response earned the fourth point with both the correct answer boxed and the supporting
equation on the third line. The response did not earn the fifth point as no argument is presented to
justify that the particle moves to the right of the initial point.
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Question 2 (continued)

Sample Identifier: F

Score: 6

The response earned 6 points: 1 point in part (a), 2 points in part (b), and 3 points in part (c).

In part (a) the response earned the first point with the first two lines. The third line correctly
simplifies the expression in the second line, while the first line supports the work leading to the
answer. The response did not earn the second point as there is no answer or work presented for
the acceleration vector.

In part (b) the response earned the first point in the first line with the integrand, as it is within a
definite integral. The response earned the second point with correct limits on the integral and the
answer 1.010.

In part (c) the response earned the first point with the equation on the third line. The response goes
on to make an argument that the x-coordinate is minimized due to the fact that x"'(¢) > 0. This,

however, is a local argument. Thus, the response did not earn the second point. The response
earned the third point with the equations on the fifth and seventh lines. The response earned the
fourth point with the correct value of x(1), and with the equation on the last line. The response did

not earn the final point as no answer or argument is given.

Sample Identifier: G

Score: 5

The response earned 5 points: 1 point in part (a), 2 points in part (b), and 2 points in part (c).
In part (a) the response did not earn the first point because the initial radical expression

2\2 2
\/((1 2 - l)el‘2 ) + (sin(l 2% ) is missing a right parenthesis in the second term under the

radical and the answer 1.322 is incorrect. The response earned the second point with the correct
answer <6.247, .405) and the supporting vector expression in the third line. We note that while the
dt in each component in the penultimate line appears to have been misspelled as dx, there is no
ambiguity in the presence of the correct answer.

2\2 2
In part (b) the response earned the first point with the integrand \/((t -1)é ) + (sin(z‘l'25 ))

presented within a definite integral with numeric limits. As the limits are correct and the answer of
1.010 is correct, the response earned the second point. We note again that while the dr appears
once more to have been misspelled as dx, there is no ambiguity in the presence of the correct
answer.

In part (c) the response did not earn the first point. While the response identifies + = 1 and states
that “the velocity stays positive...,” there is no connection presented between “velocity” and x'(z).

The response did not earn the second point as no argument is given to support an absolute

1 2
minimum. The response earned the third point with the equation -2 + Io(t - l)e’ dx = —2.604.

The response earned the fourth point with the correct coordinates (—2.604, 5.410) and the
supporting equation in the line above. We once again note that while the dt appears to have been
misspelled as dx in the supporting work for both the third and fourth points, there is no ambiguity
in the presence of the correct answers. The response did not earn the fifth point as no
consideration is given as to whether the particle ever moves to the right of the initial point.
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Question 2 (continued)

Sample Identifier: H

Score: 4

The response earned 4 points: 2 points in part (a), 1 point in part (b), and 1 point in part (c).
In part (a) the response earned the first point with the equation \/(x'(l 2)) +(¥'(1.2))* =1.271.

The response earned the second point with the correct answer of <6.247, .405> on the last line

supported by the expression <x”(1.2), y”(l.2)> on the second line.

In part (b) the response earned the first point with the integrand \/(x'(z‘))2 +( y’(t))2 presented
within a definite integral with numeric limits. The response did not earn the second point because
the answer presented is incorrect.

2
In part (c) the response earned the first point with the equation (¢ — l)et = 0 on the second line.

The response did not earn the second point as the explanation provided by the sign chart is not
sufficient to support the conclusion of a global minimum for x(z) at # = 1. The response did not
earn the third point. While the x-coordinate —2.604 is correct, the likely expression to support
this, found in the upper right corner of the response, has an incorrect integrand. The response did
not earn the fourth point as no y -coordinate is presented. The response did not earn the fifth point

as no justification is given to support that the particle ever moves to the right of the initial point.

Sample Identifier: I

Score: 4

The response earned 4 points: 1 point in part (a), O points in part (b), and 3 points in part (c).
In part (a) the response earned the first point with the radical expression

122\ ~ 125\ : s
\/((1 2-1e ) + (sm(1.2 )) given correctly to three decimal places on the third line. The

response did not earn the second point because no acceleration vector is presented.

2 2
In part (b) the response did not earn the first point. While the integrand (%) + (%) is

presented in a definite integral, the limits are not numeric, and as such, this is a formula. The
second integral presented has a parenthesis error; under the radical, there are only four left
parentheses, while there are either five or six right parentheses (depending on whether there is a
right parenthesis after the first ¢). In either case, a correct integrand is not presented within a
definite integral with numeric limits. The response did not earn the second point because the
answer presented 0.993 is incorrect.

2
In part (c) the response earned the first point with the equation (¢ — l)e’ = 0 on the third line. The

response did not earn the second point as the argument given in the first sentence of the final
paragraph only references the change of sign of x'(¢) at 7 = 1 from negative to positive. While

true, this is local argument and does not justify a global minimum when ¢ = 1. We note that the
sign chart does not provide the global argument. The response earned the third point on the sixth

1 2
line with the equation x(1) = -2 + Io(t —1)e" dt = —2.604. The response earned the fourth point

1
with the answer (-2.604, 5.410) supported by the equation y(1) =5+ J.o sin(tl'25 ) dt = 5410 on

the seventh line. In the last paragraph, the response does not support the conclusion that there is
not a position farthest to the right because it does not explain that the particle is eventually to the
right of the initial point. Therefore the response did not earn the fifth point.
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Question 2 (continued)

Sample Identifier: J
Score: 3

e The response earned 3 points: 1 point in part (a), 2 points in part (b), and 0 points in part (c).

e In part (a) the response earned the first point with the radical expression on the first line. While the
vector presented on the second line is correct, there is no supporting work; therefore, the response
did not earn the second point.

e In part (b) the response earned the first point on first line with an appropriate integrand within a
definite integral with numeric limits. As the limits of this definite integral are correct, the response
earned the second point on the second line with the answer 1.0098.

e In part (c) the response did not earn the first point. While the response notes in the middle
paragraph that the “ x componet of velocity is negative from # = 0 to # = 1...,” no connection has
been made between the x-component of “velocity” and x'(¢). The response did not earn the

second point as the argument given is local and does not support the particle being furthest to the
left when ¢ = 1. While the coordinates presented at the end of the middle paragraph are correct for
the point at ¢ = 1, the response earned neither the third nor the fourth points as no supporting
work for either of these coordinates is presented. The response did not earn the fifth point because
the statement “the x value continues to increase to infinity when ¢ > 0” contradicts that x(#) is

decreasing from ¢t =0 to ¢t = 1.
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AP® Calculus BC 2021 Free-Response Questions

3. A company designs spinning toys using the family of functions y = cxv4 — x2, where c¢ is a positive
constant. The figure above shows the region in the first quadrant bounded by the x-axis and the graph of
y=cxv4 — xz, for some c. Each spinning toy is in the shape of the solid generated when such a region is

revolved about the x-axis. Both x and y are measured in inches.

(a) Find the area of the region in the first quadrant bounded by the x-axis and the graph of y = cxv4 — x2
for c = 6.

2
d 0(4 — 2x
(b) Itis known that, for y = cx\4 — xz, d_y = For a particular spinning toy, the radius of the
X 4 —x

largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?

(c) For another spinning toy, the volume is 27 cubic inches. What is the value of ¢ for this spinning toy?

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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AP® Calculus BC 2021 Free-Response Questions

2 \

—4
Graph of f

4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = I(: f(¢) dr.

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).

. Gx)
(¢) Find lim —————.
x—2 x° — 2x

(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a

value ¢, —4 < ¢ < 2, for which G’(c) is equal to this average rate of change? Justify your answer.

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.

GO ON TO THE NEXT PAGE.
8



AP® Calculus BC 2021 Free-Response Questions

d
5. Let y = f(x) be the particular solution to the differential equation d_y =y (x In x) with initial condition
x

f(1) = 4. It can be shown that f”(1) = 4.

(a) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to
approximate f(2).

(b) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(2). Show the
work that leads to your answer.

d
(c) Find the particular solution y = f(x) to the differential equation d_y =y (x In x) with initial
X

condition f(1) = 4.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.
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AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Part B (BC): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

Let y = f(x) be the particular solution to the differential equation % = y-(xIn x) with initial condition
f(1) = 4. It can be shown that f"'(1) = 4.
Model Solution Scoring

(a) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to
approximate f(2).

(1) = dy _4.(lln1) =0 Polynomial 1 point
dx -
(x, ¥)=(1,4)
The second-degree Taylor polynomial for f about x =1 is
F)+ () (x=1)+ fz—('l)(x 1) =4+0(x-1)+ %(x ~1)*.
f(Q)~4+2(2- 1)2 -6 Approximation 1 point

Scoring notes:

4-In1
1!

expression. A term involving (x — 1) is not necessary. The polynomial must be written about

e The first point is earned for 4 + (x— 1)] + %(x - 1)2 or any correctly simplified equivalent
(centered at) x = 1.

e Ifthe first point is earned, the second point is earned for just “ 6 with no additional supporting
work.

e Ifthe polynomial is never explicitly written, the first point is not earned. In this case, to earn the
second point supporting work of at least “4 + 2(1)” is required.

Total for part (a) 2 points

© 2021 College Board
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(b)

Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(2). Show the

work that leads to your answer.

F(1.5) ~ f(1) + O.S-Q —4405.0=4 Euler’s method with 1 point
dx t t
(x, v)=(1, 4) WO steps
dy
f(2)~ f(1.5)+0.5-—
X |(x, y)=(1.5,4)
~4+0.5-4-(1.5In1.5) =4+3In15 Answer 1 point

Scoring notes:

e The first point is earned for two steps (of size 0.5) of Euler’s method, with at most one error. If
there is any error, the second point is not earned.

e To earn the first point, a response must contain two Euler steps, Ax = 0.5, use of the correct

expression for %, and use of the initial condition f(1) = 4.

o The two Euler steps may be explicit expressions or may be presented in a table. Here is a
minimal example of a (correctly labeled) table.

x |y Ayz%-AxorAyz%-(O.S)
1 4 0

1514 3In1.5

2 |4+3nl5

o Note: In the presence of the correct answer, such a table does not need to be labeled in order to
earn both points. In the presence of an incorrect answer, the table must be correctly labeled in
order for the response to earn the first point.

e A single error in computing the approximation of f(1.5) is not considered a second error if that

incorrect value is imported correctly into an approximation of f(2).

e Both points are earned for “4 + 0.5-0+ 0.5-4-(1.5In1.5)” or “4 + 0.5-4-(1.5In1.5)".

e Both points are earned for presenting the ordered pair (2, 4 + 3In 1.5) with sufficient supporting

work.

Total for part (b) 2 points

© 2021 College Board
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© Find the particular solution y = f(x) to the differential equation % = y-(xIn x) with initial condition
f()=4
1 dy = xIn x dx Separatlon of 1 point
y variables
Using integration by parts, Antiderivative for 1 point
1 xIn x
u=Inx du=—dx
X
2
dv=xdx v= 5
2 2 2 2
X x° 1 x“Inx x
[xInxdx = Zinx Jz Cdx= TR - iC
In|y| = Flinx x’ i C Antiderivative for - 1 point
=" y
ln4=0—l+C:>C=1n4+l .Constar%tof 1 point
4 4 integration and uses
initial condition
[xzénx—é-%—ln 4+%] Solves for y 1 point

y=e
Note: This solution is valid for x > 0.

Scoring notes:

e A response with no separation of variables earns 0 out of 5 points. If an error in separation results

in one side being correct (% dy or xIn x dx), the response is only eligible to earn the corresponding
antiderivative point.

e The third point (antiderivative of %) can be earned for either In y or In|y|.

e A response with no constant of integration can earn at most 3 out of 5 points.

e A response is eligible for the fourth point if it has earned the first point and at least 1 of the 2
antiderivative points.

e A response earns the fourth point by correctly including the constant of integration in an equation
and then replacing x with 1 and y with 4.

e A response is eligible for the fifth point only if it has earned the first 4 points.
Total for part (c) 5 points

Total for question 5 9 points

© 2021 College Board



g B + " o
i B & i . o ‘AN S E .k

Sample A

_____ N
B 5 I8 5 5 nocacuLatoraowen [§ 5 B 5 & ¢
Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a) %ﬁ‘—' 4+l
P = drmbe) v AT g ) ge D
2\ 2‘
SRR s -0
4
3
IHuponse for question 5(b)’ :i
%1=w16\n16
(%) | ax | A\ by bini-5
(1,4) | 9 o | o 1
1
W5.4) | -© bnl5 | 2Inl.5 j
(2, ) |
(’Iz) 4 - 3\m<;) |
S
Page 12
Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box. 1
0006016 (T T §
e o o0 oo e o . B




r

o5l 5 15 5 I8 nocacuLaTorALLoweD [

_ 1

| Response for question 5(c)

d
G Y XX

,‘_d\’ = x\ﬂl dx
Y

Lay = xinxdX

dey f x\

Wy = -.'ixlmx—jlzxdx
(e LI S

ny = X x-Fx"+ C

Y = Fnl- §+C

1

\ﬂ"i*q:

A2 _ 1y L
my- 5 X MX -3 X +ln"‘u+t!

- _ R
7 ) el,‘llhﬂ#%{x + lﬁ ]

Page 13

Answer QUESTION 5 part (c) on this page.

A

@ asossna ® 00

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

BN RN R R R R R R R R RN RN RN R R R R R R R R R R R R R R RN RERRARERERE
A

L



S 5 8 5 8§ NOCALCULATORALLOWED §

Sample B
h |

5 8% 5 5 °

Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a)

\ T
200z 4 rope , 4ue
1\ Z\

£ 4 x 20

Response for question 5(b)

) a=0.%
:L\,‘,Q.fﬁ\\ D

=1
‘2z 2 - 1 X0-H A ARAMR)

- b 2,‘.;‘)&,\\.5‘\\
= Wy BW\\-F\\

%2\ F

Page 12

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

3004797 N BEEEEE § SN EEE EE B
® o 00 e o o0 asorenz [ ]




,
o5 5 |§ 5 5 nocaLcuLatoraLLoweD (B 5 1§

Answer QUESTION 5 part (c) on this page.

' Response for question 5(c)

LAz \L‘W«*d*
Sqd\'& Su:m* dﬂ‘.‘:».t
Igl= dus gow V25X
\ 2. A N
WA o S?X -‘i[}h(
L w2t -1 (o
Il = 5ROk =52 X
Ji\e ©- €
M\‘-\\*J‘:\' =C
oy e -« )

) ‘Iz*z)"\‘f\ - -ﬁ e A—W\L\\ *J':i\

Y=<

Page 13

Use a pencil or pen with black or dark blue ink enly. Do NOT write your name. Do NOT write outside the box.

@ osoren3 o 00 ® @ o0 o o o




T

R R R R R R R R R R R R R R R R R R R R R R R R R R RN R R R RN R R RN RRREREEN

-

— - - =

Sample C

8§ 5 |§ 5 5 NOCALCULATORALLOWED |

w

.

e e )
s . L
:} 4 ]

Answer QUESTION 5 parts (a) and (b) on this page.

. , dy
 Response for question 5(a) | (l ) l‘n ax ° y - X Iny

T; f)= 4 ¢ A (x-1)°
2

(D)= Y*2(2-)= ¢

| Response for question 5(b)

(l)ﬂ %:L"hnl -0

y-4=0(x-) y=H

(|'5,”‘) %=‘1-l.5:n6.5)
Y=z Gla(1.5) (x-1.5)

y(2) = gla(15)(0.5) + 4
V(D) = 3 [1.5) + 4

Page 12

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

0037142 N = n WO

aso1aM2




Sample C
'— o o T e
/5 5 |§ 5 [§ nocaLcuLATORALLOWED § 5 5§ i

5 =

Answer QUESTION 5 part (c) on this page.

Response for question 5(c)

d
"i{-‘: \/ '&[nx)

Page 13

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

S e oo C o0 o o 0o 0

- | i




Sample D
|
s s ¥

5 NO CALCULATOR ALLOWED 81

% s B s

Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a)

d - .
JH%-] - U (1ai\ =9

TR 4> = uprz¢

Response for question 5(b) J [ | |
d Ay =2 Xeax, WAy
1.5, 4
(1,45 Y llse O0(0S3=0 54
(1.5, uy g -_|.S‘nl‘5 21-1-Spm1g -le ylel .8 nls

£ Mtyis '""S‘S

Page 12
Use a pencil or pen with black or dark biue ink only. Do NOT write your name. Do NOT write outside the box.
0041939 WE 6 Bmen C

® @0 o ® 00 o o L L osoraz @




Sample D

o8l 5 |8 5 |8 nocaccuratorauowen 81 5 81 5 & =
Answer QUESTION 5 part (c) on this page. :
Response for question 5(c) | FIy=H e *i
] X _Inx -
e} t(?& In XY dx <) \i{' | -
E +0 oL s
Xt -
il g L ke -
st ¢ L e -
C =inli-1 -
lalyrs 1+ & +a4-2 =
Lt HnY-2 -
4 =Y -
L ot b
4 e - Y -
Page 13 -
Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box. : .i
=
@ oo o o0 ® o o0 o o 0 o :J




Sample E

B _ e @)
B 5 8§ 5 1§ nocacutatorauowen 5 5 B 5 § °

Answer QUESTION § parts (a) and (b) on this page.

Response for question 5(a) € (LAY + 2 L) (7)) » £ Ly L)
Y

Wa O w ule't
T‘L" ——

TN,

L) e A~ QL'L-\\ (1 -x\t
AN

#'H&D'L.'

Response for question 5(b)

% ‘3 ‘A‘h \%ﬂ ,&3'—5)‘-\%\ 1 K_t*a‘n;:j#-bas
\ o} <5 O o ‘\\ '5;‘*\

\.5 0 s levl )| 3V s) (T /Arinales)

1 (Al Ss\ \

€2 2 3NAL 9)

Page 12

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

0035792 H ENEE N #*
o o o0 oo % (Y °

Q506512




&

o5l 5 |8 5 I§ nocaccuLatoraLLoweD [§f 5

Answer QUESTION 5 part (c) on this page.

- A
Response for question 5(c) | LIfer \JV’J’VL\J valnk v g

S %
_t,&x ) L) %"‘L\“Kj( A

\t\\\d\ ~ %5 M\ay - jf_.‘.,:" »\AM r

< e
. *.-Y:L\“%" hxi._ A 1"1"
\3' < \ |
C

> )
§LE fane ) B

Page 13

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

@ osooens o 00 o o oo o0 o

A

(I



Sa@pl_e F

1

-

——

—

5 5 8 5 J§ nocacuLatoraLlowep 58 5 8§ 5 5 °

Answer QUESTION 5 parts (a) and (b) on this page.

' Response for question 5(a) N o _
ay. foy =4 é‘} - w1l ) {
r
{,if("\'.‘\'

E'(y~ o
' _ 1’5'1.--
wroox- D 4 MO

“Teyr .
T“:%m \ ‘ !
N I S ‘
2
| Response for question 5(b)

(Y% g (1Sin l'5>
b .

Slep s = .g

‘;U‘)"‘ Y ¢ ‘SLb) = Y%
Sy = g 4-5( %o Lsinlis) “+Lin(1) |

fay= u +einCisy

Page 12

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

3012655 (TTT ARBENE MW N

® o o ® 00 ® O o0 Qsotanz [ ]




o/§ 5 I§ 5 [§ NOCALCULATORALLOWED [§

Answer QUESTION § part (c) on this page.

 Response for question 5(c) i |
L) V= \_“\"* J :
S L yrind V=g o% |

at

Sy vg'rm‘f Ax
)

\h\\b ~ lax * C
Tinldy = Yt

C=\nll)

l‘ﬂ - In
PR

{ Page 13
Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

e

@ oo ® o0 P 0 o

]

®

]
L




Sample G
5 B s ﬁJ

Q['):’*{ ~

2 ‘Eli = 7’ J(ln x‘)
T, =400+ £ (-0 + 0 G-) dx
fll

dy _ L}, |
& - f(ttnc()))

T, ()= "+ O(R-1) + i%ﬁl LEte

8 5 |8 5 !5 NOCALCULATORALLOWED ‘§
Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a)

T,@D=4+2 =6

'Response for question 5(b)

X % m :ﬂa}(m) Yrnew
1 4 O O g

.S H “n&q 2n(19) 214 31a(15)
A

‘H;‘) z )4 3]“('-5)

Page 12
f' Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
0044455 EEE N EN NN B B
® o o o 00 ® o LX) asowz @

—




Sample G
L. 5 |8 5 I8 nocaicuratoraLowen Bl 5 B 5 1§

Answer QUESTION 5 part (c) on this page.

5 (x\-r!x) JK
L=y () Uelos  dvs X

Ciu:';'licir V'-::xa
S%:S(xamwx
nxj(ix’)“Iiﬂd’ i

1
;)‘-Hx *C

Response for question 5(c) |

|m72
In )’- lﬂ"\

Page 13
Use a pencil or pen with black or dllnc blue ink only. Do NOT write your name. Do NOT write outside the box.

D csorna o 00 L o0 © ® o 0



[

Sample H

llllllll'llllIlllllllél'lI'-I~l"l'llll'llllIIIIIII'IIIIIIlIIIIllIIlIIIIII

NN EN NO CALCULATOR ALLOWED '§ 5 - . .

Answer QUESTION 5 parts (a) and (b) on this page.

'Response for question 5(a) |
+0)= 4 |
f0)= Jﬁlcw) = ’-f(l)llfu O

@) 'a{x !a.ﬁl = £< [%XM )E] {“"’)

f= bix)= 4 —!-. FOXx-1)* = 4+ dx[qux][a 4 (X= I)
oz 2
f(2)~ o +7ﬁ [yxtnx]le, 0y (21)* o s £fnjx!n¥]lu,q)
o - Hez)~ 4 —

—

Response for question 5(b)

ft)=4
£0.5) = 4+Lw]( 5): =

[H2) 7 o+ 2in (ﬁ)j

Page 12

=

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

0039794 N NEEE BN EE =
e o o0 oo C) (T




5 no caLcuLatoraLLowep B 5 150

4
o/§ 5 [§ 5

Sample H
5 5 |

Answer QUESTION 5 part (c) on this page.

Response for question 5(c)

%ﬂ =¢ﬁxln¥ integration by pars
P f u=x , dv=lnx dx
\hay =Dxmx ax I auaik v-4

= ALl
|wlj|={~ln|x(+c $X (nxax = x (%) qu)dx
= (=-Inlx| +C

Ls fnd ¢, fu)=4
nA = (-] + C

C2 tnd

lVle] = | -—[V‘\!Xl*"“"\“""l
Iyl = (nHd - inl x|

In“ = Indxt _
e - Y

Page 13

—A

Use a pencil or pen with black or dark blue ink only. Do NOT write your name, Do NOT write outside the box.

e

L



Sample I
A

'S| NO CALCULATORALLOWED '§
Answer QUESTION 5 parts (a) and (b) on this page.

Response for question 5(a) |
o+ 000 -0 #8000 0 D

u \ynerA Ol
1 Toyler PRO'Y J
(D PRI « £R0K-D har & obovt ¥=\
(A
' 'Response for question 5(b) =Y

M
us m.u €052+ 4

o= 3G+

Page 12
}’ Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.
0032011 e PR
® 0 o o 00 o o o0 asorez @

P_
jl




Sample I
4
o5 5 8 5 I8 nocaccuratorautowen 81 5 |8 5 1§

Answer QUESTION 5 part (c) on this page.

ve R dvzedn
'Response for question 5(c) | fx.lh! - av:lax v b 1
o I Y+ (ann) L= 4n Q)
“d f"‘ﬂ‘ dv:*!i'dl
™M _hmx ax Tl = fx"' |
7 - g
y|du - U Aok G
Iny = |
[
LTI Il
. ()= Y e pog 10 for
D ‘¥
g=e "
4-C
\x
y=e + M

Page 13
Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

@ csoens e 00 o o0 e O ® ¢ 0 _I




—

Sample J

S 5 |8 5 5 NOCALCULATORALLOWED § 5 5 N °
Answer QUESTION 5 parts (a) and (b) on this page.
[+ FI..’!-?- ;rf-?}
Response for question 5(a) | /“’ YRt 3
b
22, My
v\ U"r-"“h-r 4 + ©

f=ls4x+x + 3X

e
PN = 1+8 4 4 3

HﬁF'%*%Q::)

Response for question 5(b)
He (05X
fo) - 4 +(oSY t 15h U
FLis)="

lﬂ_:j«,-. ¥+3 Lnum)

Page 12

' ; -l ] - & - i
¥ . l | :
N - - "

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

0015926 EE EEm T
e e o0 oo T (Y B

Q508512




Sample J

- E S ‘

5 'S NOCALCULATORALLOWED § 5 '§ 5 §

|
:

Answer QUESTION 5 part (c) on this page.

'Response for question 5(c)

-
S

d“‘\xr' = ktnﬁ"-&-h

- [« Ax

Page 13

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

@ asoesns o o0 o o o o0 o0 o




AP® Calculus BC 2021 Scoring Commentary

Question 5

Sample Identifier: A
Score: 9

e The response earned 9 points: 2 points in part (a), 2 points in part (b), and 5 points in part (c).

e In part (a) the response earned the first point with a correct expression for the Taylor polynomial in
line 2 on the left. Simplification is not necessary. The response earned the second point with a
correct approximation of f(2) in line 3 on the left. Again simplification was not necessary.

e In part (b) the response earned the first point in the table: two Euler steps are visible in the rows,

Ax = 0.5 is given in the second column, the correct values for % are given in the third column,
and the initial condition f(1) = 4 was used in the first row. Note that since the final answer is
correct in this case, the table does not need to be labelled. The response earned the second point
with the correct answer boxed beneath the table.

e In part (c) the response earned the first point with a correct separation of variables in line 2. The

response earned the second point with a correct antiderivative of xIn x in line 5 on the right. The
response earned the third point with a correct antiderivative of % in line 4 on the left. No absolute

value signs are necessary. The response is eligible for the fourth point. The response earned the
fourth point with the correct inclusion of the constant of integration in line 5 and the correct
substitution of 1 for x and 4 for y in line 6. The response is eligible for the fifth point, which it

earned with the correct answer in line 9.

Sample Identifier: B
Score: 8

e The response earned 8 points: 1 point in part (a), 2 points in part (b), and 5 points in part (c).

e In part (a), the response earned the first point with a correct expression for the Taylor polynomial
in line 1. Simplification is not necessary. The response did not earn the second point because no
value of f(2) is presented.

e In part (b), the response earned the first point: the two Euler steps are seen in lines 2 and 4, the

value Ax = 0.5 is declared in line 1, lines 2 and 4 demonstrate use of the correct %, and line 2

shows use of the initial condition f(1) = 4. The response earned the second point with a correct

answer in line 3. Simplification is not necessary.
e In part (c), the response earned the first point with a correct separation of variables in line 2. The
response earned the second point with a correct antiderivative of xIn x in line 8, and earned the

third point with a correct antiderivative of 1 in line 4. The response is eligible for the fourth point,
y

and earned the fourth point with a correct inclusion of the constant of integration in line 8 and a
correct substitution of 1 for x and 4 for y in line 9. The response is eligible for the fifth point, and

earned the fifth point with a correct answer in line 12.

© 2021 College Board.
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AP® Calculus BC 2021 Scoring Commentary

Question 5 (continued)

Sample Identifier: C

Score: 8

The response earned 8 points: 2 points in part (a), 2 points in part (b), and 4 points in part (c).
In part (a) the response earned the first point with a correct expression for the Taylor polynomial in
line 3. The response earned the second point with a correct approximation for f(2) in line 3 in the

center. Simplification is not necessary.
In part (b) the response earned the first point: two Euler steps are shown in lines 2 and 4, the step
size Ax = 0.5 is implied in the evaluation of x — 1.5 at x = 2 in line 5, the correct expression for

d_ic} is used in lines 1 and 3, and the initial condition f(1) = 4 is used in the point-slope form of
the linear equation in line 2. The response earned the second point with a correct answer in line 5.
Simplification is not necessary.

In part (c) the response earned the first point with a correct separation of variables in line 2. The

response earned the second point with a correct antiderivative of xIn x in line 4. The response
earned the third point with a correct antiderivative of % in line 3. Absolute value signs are

included but are not necessary. The response is eligible for the fourth point. The response earned
the fourth point with a correct inclusion of the constant of integration in line 4 and a correct
substitution of 1 for x and 4 for y in line 7. The response is eligible for the fifth point. The

response does not earn the fifth point as the answer is incorrect.

Sample Identifier: D

Score: 7

The response earned 7 points: 2 points in part (a), 2 points in part (b), and 3 points in part (c).

In part (a) the response earned the first point with a correct expression for the Taylor polynomial in
line 2. The response earned the second point with a correct approximation for f(2) in line 3 in the
center. Simplification is not necessary.

In part (b) the response earned the first point: two Euler steps are shown in rows 2 and 3 of the

table, the step size Ax = 0.5 is used in column 3 of the table, the correct expression for % is used

in the second column of the table, and the initial condition f(1) = 4 is used in the first row of the

table. The response earned the second point with a correct answer below the table. Note that the
point (2,4 +2-1.51n(1.5)) in the third row and fourth column of the table would also earn the
second point.

In part (c) the response earned the first point with a correct separation of variables in line 1. The
response did not earn the second point as the antiderivative of xIn x is incorrect. The response

earned the third point with a correct antiderivative of 1 in line 2. The response is eligible for the
y

fourth point as it earned the first point and one of the two antiderivative points. The response
earned the fourth point with a correct inclusion of the constant of integration in line 2 and a correct
substitution of 1 for x and 4 for y in line 3. The response is not eligible for the fifth point as it did

not earn all of the first four points.
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Question 5 (continued)

Sample Identifier: E

Score: 7

The response earned 7 points: 1 point in part (a), 2 points in part (b), and 4 points in part (c).

In part (a) the response earned the first point with a correct expression for the Taylor polynomial in
line 2. Simplification is not necessary. The response did not earn the second point. While the
correct approximation for f(2) is shown in line 3 and in line 4 on the left, the boxed result was

simplified incorrectly.
In part (b) the response earned the first point: two Euler steps are seen in the second and third
rows of the table, the step size Ax = 0.5 is shown in the third column of the table, the correct

expression for % is used to create the fourth column of the table, and the initial condition

f(1) = 4 is shown in the first two entries of the second row of the table. Note that since the

answer is correct in this case, the table does not need to be labelled. The response earned the
second point with a correct answer below the table.

In part (c) the response earned the first point with a correct separation of variables in line 3 on the
left side of the page. The response earned the second point with a correct antiderivative of xIn x in

lines 1-5 on the right side of the page. The response earned the third point with a correct

antiderivative of % in line 4 on the left side of the page. The response is eligible for the fourth

point as it has earned the first point and at least one of the antiderivative points. The response
earned the fourth point with a correct inclusion of the constant of integration in line 3 on the left
side of the page and the substitution of 1 for x and 4 for y in line 4 on the left side of the page.

The response did not earn the fifth point as the answer in line 9 on the left side of the page is
incorrect. Note that the answer given in line 8 of the left side of the page is correct, but is simplified
incorrectly.
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Question 5 (continued)

Sample Identifier: F

Score: 6

The response earned 6 points: 2 points in part (a), 1 point in part (b), and 3 points in part (c).

In part (a) the response earned the first point with a correct expression for the Taylor polynomial in
line 4. Simplification is not necessary. The response earned the second point with a correct
approximation for f(2) in line 5 on the left. Simplification is not necessary.

In part (b) the response earned the first point: two Euler steps are shown in lines 4 and 5, the step

size Ax = 0.5 is shown in line 3 and used in lines 4 and 5, the correct expression for % is used in
lines 4 and 5, and the initial condition f(1) = 4 is used in line 4. The response did not earn the

second point because the final answer in line 5 on the right and in line 6 is incorrect. Note that the
answer given in line 5 in the center is correct, but was simplified incorrectly. Note that in part (b),
the response mislabels f(1.5) as f(1) and f(2) as f(1.5), but recoups these errors by

declaring a consistent f(2).

In part (c) the response earned the first point with a correct separation of variables in line 2. The
response did not earn the second point as the antiderivative for xIn x in line 3 is incorrect. The

response earned the third point with a correct antiderivative for % in line 3. The response is

eligible for the fourth point since it earned the first point and one of the two antiderivative points.
The response earned the fourth point with a correct inclusion of the constant of integration in line 3
and a correct substitution of 1 for x and 4 for y inline 4. The response is not eligible for the fifth

point as it did not earn all of the first four points.

Sample Identifier: G

Score: 5

The response earned 5 points: 1 point in part (a), 1 point in part (b), and 3 points in part (c).

In part (a) the response did not earn the first point because there is not a correct expression for the
Taylor polynomial. Note that the polynomial in line 1 is generic. The response earned the second
point with the supporting work and answer in line 2. Simplification is not necessary. The second
point was earned even though the polynomial is not explicitly written.

In part (b), the response earned the first point: two Euler steps are shown in the second and third
rows of the table, the step size Ax = 0.5 may be inferred from the calculation leading from the

6In(1.5) to the 3In(1.5) in the third row of the table, the correct expression for % may be
inferred from the 6In(1.5) entry in the third row of the table, and the initial condition f(1) = 4 is
shown in the first row of the table. The response did not earn the second point because the final
answer below the table is incorrect.

In part (c) the response earned the first point with a correct separation of variables in line 2 on the
left side of the page. The response earned the second point with a correct antiderivative of xIn x in

line 4 on the left side of the page. The response earned the third point with a correct antiderivative

of 1 in line 3 on the left side of the page. The response is eligible for the fourth point, having
y

earned the first three points. The response did not earn the fourth point. While a constant of
integration is correctly included in line 3 on the left side of the page, the values of 1 and 4 are not
substituted for x and y, respectively. The response is not eligible for the fifth point as it did not

earn all of the first four points.
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Question 5 (continued)

Sample Identifier: H

Score: 4

The response earned 4 points: no points in part (a), 1 point in part (b), and 3 points in part (c).

In part (a) the response did not earn the first point because no correct Taylor polynomial is
presented. The response did not earn the second point because no correct approximation for f(2)
is presented.

In part (b) the response earned the first point: two Euler steps are shown in lines 2 and 3, the step
size Ax = 0.5 is used in lines 2 and 3, the correct expression for the derivative is evaluated in lines
2 and 3, and the initial condition f(1) = 4 is stated in line 1. Note that the response contains a
single error: the value of the approximation for f(1.5) in line 2 is simplified incorrectly. Importing
this incorrect value correctly into line 3 is not an error. Since only one mistake was made, the
response is still eligible for the first point, which it earned. The response did not earn the second
point because the boxed answer is incorrect.

In part (c) the response earned the first point with a correct separation of variables in line 2 on the
left side of the page. The response did not earn the second point as the antiderivative for xIn x is

incorrect. The response earned the third point with a correct antiderivative for 1 in line 3 on the
y

left side of the page. The response is eligible for the fourth point since it earned the first point and
one of the two antiderivative points. The response earned the fourth point with a correct inclusion
of a constant of integration in line 3 on the left side of the page and a correct substitution of 1 for x
and 4 for y inline 5 on the left side of the page. The response is not eligible for the fifth point as it

did not earn all of the first four points.

Sample Identifier: I

Score: 4

The response earned 4 points: no points in part (a), 2 points in part (b), and 2 points in part (c).
In part (a), the response did not earn the first point because it does not present a correct Taylor
polynomial for f about x = 1. The response did not earn the second point because no

approximation for f(2) is presented.

In part (b), the response earned the first point: two Euler steps are shown in the second and third
row of the table, the step size Ax = 0.5 is stated and used in the third column of the table, the

correct expression for % is used in the second and third columns of the table, and the initial

condition f(1) = 4 in used in the first row of the table. The response earned the second point with
the expression below the table. Note that the expression in the fourth row and second column of
the table (which is equal to the correct answer) would earn the second point, as its position in the
labelled table indicates that it is an approximation for f(2).

In part (c), the response earned the first point with a correct separation of variables in line 2 on the
left of the page. The response did not earn the second point because the antiderivative for xIn x is

incorrect. The response earned the third point with a correct antiderivative for 1 in line 3 on the
y

left of the page. The response is eligible for the fourth point as it earned the first point and one of
the antiderivative points. The response did not earn the fourth point because the constant of
integration was included incorrectly. The response is not eligible for the fifth point as it did not
earn all of the first four points.
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Question 5 (continued)

Sample Identifier: J
Score: 3

e The response earned 3 points: no points in part (a), 2 points in part (b), and 1 point in part (c).
e In part (a), the response did not earn the first point because a correct Taylor polynomial is not
presented. The response did not earn the second point because a correct approximation for f(2)

is not presented.
e In part (b) the response earned the first point: two Euler steps are seen in lines 1 and 2 in the center
of the page, the step size Ax = 0.5 is used in the equations in lines 1 and 2 in the center of the

page, the correct expression for d—i is evaluated in the equations in lines 1 and 2 in the center of

the page, and the initial condition f(1) = 4 is shown in line 1 on the left side of the page. The
response earned the second point with the correct boxed answer. Note that line 2 in the center of
the page would also earn the second point. Simplification is not necessary.

e In part (c) the response earned the first point with a correct separation of variables in line 2. The
response did not earn the second point because an antiderivative of xIn x is not presented. The

response did not earn the third point because an antiderivative of 1 is not presented. The
y

response is not eligible for the fourth point since it did not earn either of the antiderivative points.
The response is not eligible for the fifth point as it did not earn all of the first four points.
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6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

[e'e] (_ 1)l’lxl’l . )
glx) =] oAz on its interval of convergence.
n=0
Z1
(a) State the conditions necessary to use the integral test to determine convergence of the series Z 7
n=0 ¢
0
Use the integral test to show that z —; converges.
n=0 ¢
0 0 n
- : . : 1 : (=D
(b) Use the limit comparison test with the series Z —; to show that the series g(1) = Z 2 3
e e
n=0 n=0

converges absolutely.

(c) Determine the radius of convergence of the Maclaurin series for g.

="

2¢"+3

0
(d) The first two terms of the series g(1) = Y. are used to approximate g(1). Use the alternating

n=0

series error bound to determine an upper bound on the error of the approximation.

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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Part B (BC): Graphing calculator not allowed

Question 6 9 points
General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be

correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

n _n
g(x) = z( ) on its interval of convergence.

Model Solution Scoring
(a) ®
State the conditions necessary to use the integral test to determine convergence of the series Z —. Use
n=0 e

the integral test to show that Z— converges.

n=0€
e™* is positive, decreasing, and continuous on the interval [0, o). Conditions 1 point
® Improper integral 1 point
To use the integral test to show that Z—” converges, show that
n=0 €
w —X . .
.[o e " dx is finite (converges).
o _ . b _ . b . - Evaluation 1 point
jexdx:hm exdx:hm(—ex ):hm(—eb-l—eo)zl P
0 b—00J0 b—o 0 b—0
, © . w1
Because the integral jo e " dx converges, the series Z—n
n=0 €

converges.

© 2021 College Board



AP Calculus AB/BC 2021 Scoring Guidelines Version 1.0

Scoring notes:

X

To earn the first point, a response must list all three conditions: e™ is positive, decreasing, and

continuous.

The second point is earned for correctly writing the improper integral, or for presenting a correct
b
limit equivalent to the improper integral, for example, blim J . e " dx.
—00

To earn the third point, a response must correctly use limit notation to evaluate the improper

integral, find an evaluation of e (or 1) and conclude that the integral converges or that the series
converges.

If an incorrect lower limit of 1 is used in the improper integral, then the second point is not earned.
In this case, if the correct limit (1/¢) is presented, then the response is eligible for the third point.

If the response only relies on using a geometric series approach, then no points are earned [ 0-0-0].
A response that presents an evaluation with o0, such as e”™ = 0, does not earn the third point.

Total for part (a) 3 points
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(b) © )
Use the limit comparison test with the series Z — to show that the series g(1) = Z
n=0 e n=0 2 +3

converges absolutely.

1 Sets up limit 1 point
e—"n — lim Lﬁ -9 comparison
n—o0 - n—00
& ¢ Explanation 1 point
2e" +3

The limit exists and is positive Therefore, because the series

()

converges by the limit
2" +3

Z— converges, the series Z

n=0 € n=0

comparison test.

n
Thus, the series g(1) = Z 2( - ) 3 converges absolutely.
n=0

Scoring notes:

e The first point is earned for setting up the limit comparison, with or without absolute values. Limit
notation is required to earn this point.

e The reciprocal of the given ratio is an acceptable alternative; the limit in this case is 1/2.

e The second point cannot be earned without the use of absolute value symbols, which can occur
explicitly or implicitly (e.g., a response might set up the limit comparison initially as

1
lim —€ ).
n—»o0 1
2¢" +3

e Earning the second point requires correctly evaluating the limit and noting that the limit is a positive
number. For example, L =2 > 0 or L =1/2 > 0. Therefore, comparing the limit L to 1 does not

earn the explanation point.

0
e A response does not have to repeat that Zin converges.
n=0€

e A response that draws a conclusion based only on the sequence (such as %) without referencing a
e

series does not earn the second point.

e If the response does not explicitly use the limit comparison test, then no points are earned in this
part.

e A response cannot earn the second point for just concluding that “the series” converges absolutely
because there are multiple series in this part of the problem. The response must specify that the

o0 n
: (=1
series g(1) or » ———— converges absolutely.
M nzz(") 2e" +3

Total for part (b) 2 points
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(©

Determine the radius of convergence of the Maclaurin series for g.

(“1)" e pen 43 (2en + S)x"“ 2e" 43 Sets up ratio 1 point
. - _ X
26" 43 (<1 x| (2" +3)x" | 2"+ 3| |
T 2" +3 1 Computes limit of 1 point
st e 3| = Zl | ratio
Answer 1 point

Lix<1= |x<e
e
The radius of convergence is R = e.

Scoring notes:

(_1)n+1 xn+1 2@” +3

= : or the equivalent. Once earned, this point cannot
2" +3 (-1)"X"

e  The first point is earned for

be lost.
e The second point cannot be earned without the first point.

e To be eligible for the third point, the response must have found a limit for a presented ratio such that
the limiting value of the coefficient on |x| is finite and not 0. The third point is earned for setting up

, and interpreting the result to find the

an inequality such that the limit is less than 1, solving for |x
radius of convergence.

o The radius of convergence must be explicitly presented, for example, R = e. The third point cannot
be earned by presenting an interval, for example —e < x < e, with no identification of the radius of

convergence.

Total for part (c) 3 points
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(d (=1
The first two terms of the series g(1) = Z 2( nl) 3 are used to approximate g(1). Use the alternating
n=0 <€ +

series error bound to determine an upper bound on the error of the approximation.

0 (-1)" Answer 1 point
The terms of the alternating series g(1) = z2n—3 decrease in
n=0<€ +

magnitude to 0.

The alternating series error bound for the error of the
approximation is the absolute value of the third term of the series.

(-1’

2¢° +3

_ 1

Error < =—
2e° +3

Scoring notes:

e Aresponse of — earns this point.

2e +3

Total for part (d) 1 point

Total for question 6 9 points
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AP® Calculus BC 2021 Scoring Commentary

Question 6

Sample Identifier: A

Score: 9

The response earned 9 points: 3 points in part (a), 2 points in part (b), 3 points in part (c), and 1
point in part (d).

In part (a) the response earned the first point in the first line by stating that “the function 1 is

n
e
continuous, positive, and decreasing.” The response earned the second point in the fourth line by
b
presenting the limit lim L dn. The response earned the third point by presenting a correct

b—w Jy e

antiderivative on the fifth line, correctly evaluating the limit on the sixth line, and stating a correct
conclusion on the third line.
In part (b) the response earned the first point in the second line by presenting the limit (with or

1

n
without absolute values) lim %. The response earned the second point by correctly
n—»o0

el’l

evaluating the limit resulting in %, referencing that % > 0 and presenting a correct conclusion in

the lower right.

In part (c) the response earned the first point in the second line by presenting the ratio (with or
xn+1 26” +3

2¢" 43 x"

response must have absolute values to earn this point. The response earned the second point on

the second line by correctly evaluating the limit. The response earned the third point on the fifth

line by correctly identifying the radius of convergence.

In part (d) the response earned the point by providing the correct answer.

without a limit) . In the absence of the factors (-1)"*' and (-1)", the

© 2021 College Board.
Visit College Board on the web: collegeboard.org.



AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: B
Score: 7

e The response earned 7 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and no
points in part (d).
e In part (a) the response did not earn the first point since the response references a sequence and
not the function e *. The response earned the second point on the second line by presenting the
o0
improper integral j Lndn. The response earned the third point by presenting a correct
0 e
antiderivative in the fourth line, correctly evaluating the limit, and stating a correct conclusion on
the last line.
e In part (b) the response earned the first point in the third line by presenting the limit (with or
1

n
without absolute values) lim %. The response earned the second point on the third and
n—»o0

en

fifth lines by correctly evaluating the limit, referencing that % > 0, and concluding that the series

e 0] (_l)n
——— converges absolutely.

n=0 Ze” + 3
e In part (c) the response earned the first point in the first line by presenting the ratio (with or
(_1)n+1 xn+1
n+l
without a limit or absolute values) M. The response earned the second point by
(_l)n xﬂ
2¢" +3

correctly evaluating the limit in the fourth line. The response earned the third point in the last line
by correctly identifying the radius of convergence.
e In part (d) the response did not earn the point since the response presents an incorrect answer.

© 2021 College Board.
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AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: C
Score: 6

e The response earned 6 points: 1 point in part (a), 1 point in part (b), 3 points in part (c), and 1 point
in part (d).
e In part (a) the response did not earn the first point since the response does not present that the

function Lx is continuous, decreasing and positive. The response did not earn the second point
e
since the response presents a lower limit in the first line of 1 whereas the correct lower limit is 0.
The response earned the third point in the second and third lines by correctly evaluating the limit
for their limits of integration and stating a correct conclusion.
e In part (b) the response earned the first point in the first line by presenting the limit (with or

D" e

without absolute values) lim
2¢" +3 1

n—o0

. The response did not earn the second point since the

1
response does not reference 3 > 0.

e In part (c) the response earned the first point in the first line by presenting the ratio (with or
(_1)n+l xn+l 2€n + 3

2 43 (-1)" x"
on the second line with a correct evaluation of the limit. The response earned the third point on the

third line by correctly identifying the radius of convergence.
e In part (d) the response earned the point for correctly identifying the answer.

without a limit or absolute values) . The response earned the second point

© 2021 College Board.
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AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: D

Score: 6

The response earned 6 points: 2 points in part (a), 1 point in part (b), 2 points in part (c), and 1
point in part (d).
In part (a) the response did not earn the first point since the response does not identify the three

needed conditions for the function ix The response earned the second point in the second line by
e
*1
presenting the improper integral (with or without a differential) — The response earned the
0 e

third point by presenting a correct antiderivative, correctly evaluating the limit and stating a
correct conclusion.

In part (b) the response earned the first point in the second line by presenting the limit (with or

en

p . The response did not earn the second point since the
2¢" +3

without absolute values) lim
n—»o0

response compares % with 1 and not 0.

In part (c) the response earned the first point in the first line by presenting the ratio (with or
) (_1)n+1 xn+l . zen + 3
(_l)n xn 2en+1 + 3

without a limit or absolute values . The response did not earn the second

point since the response, by bounding ;_x between both —1 and 1, implies that their limit is ;_x
e e
which is incorrect. The response is eligible for the third point since the response presents a value

for the limit and considers an absolute value by presenting —1 < ;_x < 1. The response earned the
e

third point by presenting the radius of convergence 2e which is consistent with their limit.
In part (d) the response earned the point by providing the correct answer.

© 2021 College Board.
Visit College Board on the web: collegeboard.org.



AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: E

Score: 5

The response earned 5 points: 1 point in part (a), 1 point in part (b), 2 points in part (c), and 1 point
in part (d).
In part (a) the response did not earn the first point since the response does not present that the

function e™* is continuous, decreasing and positive. The response earned the second point in the
b

fourth line by presenting the limit blirn Lx dx. The response did not earn the third point since
—>00 0 e

the response presents % in the last line. In addition, the response does not give a conclusion.

e
In part (b) the response earned the first point in the first line by presenting the limit (with or
1
n
without absolute values) lim ¢ . The response did not earn the second point since the
n—»o0
2¢" +3

response does not reference that 2 > 0.
In part (c) the response earned the first point in the first line by presenting the ratio (with or

(_1)n+1 xn+1
n+l
without a limit or absolute values) lim % . The response did not earn the second
n—00 _1 X
2¢" +3

point since the response incorrectly evaluates the limit. The response earned the third point in the
last line for identifying the radius of convergence consistent with their limit.
In part (d) the response earned the point in the last line by presenting the correct error bound of

1

2¢* +3

© 2021 College Board.
Visit College Board on the web: collegeboard.org.



AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: F

Score: 5

The response earned 5 points: 1 point in part (a), 1 point in part (b), 3 points in part (c), and no
points in part (d).
In part (a) the response did not earn the first point since the response references “the series” and
not the function e *. The response earned the second point in the third line by presenting the
o0
improper integral j Ln dn. The response did not earn the third point since the response presents
0 e
an incorrect antiderivative.
In part (b) the response earned the first point in the first line by presenting the limit (with or

(=D’

n
without absolute values) lim %. The response did not earn the second point since the
n—»00
e}’l
response does not present any absolute values.

In part (c) the response earned the first point in the first line by presenting the ratio (with or
) (_1)n+1 xn+l . 20" +3

28" 3 (<1 X"
in the second line by correctly evaluating the limit. The response earned the third point by correctly
identifying the radius of convergence.

In part (d) the response did not earn the point since the response presents the “third term” in the
second line but identifies the error as a polynomial in the third line.

without a limit or absolute values . The response earned the second point
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AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: G
Score: 5

e The response earned 5 points: 1 points in part (a), 1 point in part (b), 2 points in part (c), and 1
point in part (d).

e In part (a) the response did not earn the first point since the response does not state that Ln is
e
positive. The response earned the second point in the second line by presenting the improper
o0
integral (with or without a differential) Ln The response did not earn the third point since the
0 e

response presents in the fifth line.

o0
—€

e In part (b) the response earned the first point in the second line by presenting the limit (with or

an

bl’l
did not earn the second point since in the third line the response references the #nth term of the
series and not the series itself.

e In part (c) the response earned the first point in the first line by presenting a correct ratio (with or

) (_1)n+l xn+l ‘ 26” + 3
2" 43 (—1)" "

point since the response presents an incorrect limit. The response earned the third point in the last

line for identifying the radius of convergence consistent with their limit evaluation.

e In part (d) the response earned the point in the first line by presenting the correct error bound of
1

2¢* +3

without absolute values) lim
n—»o0

in the presence of the definitions of g, and b,. The response

without a limit or absolute values . The response did not earn the second

© 2021 College Board.
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AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: H
Score: 4

e The response earned 4 points: 1 point in part (a), no points in part (b), 2 points in part (c), and 1
point in part (d).
e In part (a) the response did not earn the first point since the response does not state all three

conditions for the function Lx The response earned the second point on the second line by
e
0

presenting the improper integral j Ln dn. The response did not earn the third point since the
0 e

response states “convergent” with no reference to an improper integral or a series.

e In part (b) the response did not earn either point since the response does not apply the Limit
Comparison Test.

e In part (c) the response earned the first point in the first line by presenting the ratio (with or

) (_1)n+1 xn+l . 20" 43
28" 3 (<1 x"

without a limit or absolute values . The response earned the second point

on the second line by presenting —1 < X < 1. Since =X is bounded between both —1 and 1, the
e e

response indicates that their limit is ~X| The response did not earn the third point since the

response does not identify a radius of convergence.
e In part (d) the response earned the point by providing the correct answer.

Sample Identifier: I
Score: 3

e The response earned 3 points: 1 point in part (a), 1 point in part (b), 1 point in part (c), and no
points in part (d).
e In part (a) the response did not earn the first point since the response states the correct conditions

but does not reference our function Lx The response earned the second point in the second line
e

o0
by presenting the improper integral jo e™" dn. The response did not earn the third point since on

the second line the response applies the Fundamental Theorem of Calculus to an improper
integral.
e In part (b) the response earned the first point on the first line by presenting the limit (with or

(="

n
without absolute values) lim %. The response did not earn the second point since in the
n—»o0

e}’l

second line the response references a limit “less than 1” whereas the correct application of the
Limit Comparison Test would require referencing a limit greater than 0.

e In part (c) the response earned the first point on the first line by presenting the ratio (with or

) (_1)n+l xn+l 2€n + 3
2" +3 0 (<1)"x"
point since the evaluation of the limit is incorrect. The response did not earn the third point since
the response does not identify a radius of convergence consistent with their limit evaluation.

e In part (d) the response did not earn the point as the response presents the incorrect answer.
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AP® Calculus BC 2021 Scoring Commentary

Question 6 (continued)

Sample Identifier: J

Score: 2

The response earned 2 points: 1 point in part (a), no points in part (b), 1 point in part (c), and no
points in part (d).
In part (a) the response did not earn the first point since the response did not present that the

function — is continuous, decreasing and positive. The response earned the second point in the
e
e 0]

second line by presenting the improper integral J Ln dn. The response did not earn the third
0 e

point since the response applies the Fundamental Theorem of Calculus to an improper integral. In

addition, the response will not earn the third point in the presence of the term %
e

In part (b) the response did not earn either point since the response does not apply the Limit
Comparison Test. The response does correctly apply the Comparison Test, but the question
explicitly requires the Limit Comparison Test.

In part (c) the response earned the first point on the first line by presenting the correct ratio (with

(_1)n+1 xn+l 20" +3
2en+1 +3 (_l)n xn
second point since there is no limit notation. The response is not eligible for the third point since

the response does not evaluate a limit.
In part (d) the response did not earn the point since the response presents the incorrect answer.

or without a limit or absolute values) . The response did not earn the
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