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 3 
Problem Overview: 4 
 5 
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 6 
Students were given the graph of a function 𝑓𝑓 along with the line tangent to the graph of 𝑓𝑓 at 7 
𝑥𝑥 = 0.  Students were also informed that the function 𝑓𝑓 has derivatives of all orders and selected 8 
values for these derivatives at 𝑥𝑥 = 0 were given in a table. 9 
 10 
Part a: 11 
 12 
Students were asked to write the third-degree Taylor polynomial for 𝑓𝑓 about 𝑥𝑥 = 0. 13 
 14 
Part b: 15 
 16 
Students were asked to write the first three terms of the Maclaurin series for 𝑒𝑒𝑥𝑥.  Students were 17 
then asked to write the second-degree Taylor polynomial for 𝑒𝑒𝑥𝑥𝑓𝑓(𝑥𝑥) about 𝑥𝑥 = 0. 18 
 19 
Part c: 20 
 21 
Students were told that the function ℎ was defined as ℎ(𝑥𝑥) = ∫ 𝑓𝑓(𝑡𝑡)𝑥𝑥

0 𝑑𝑑𝑡𝑡 and asked to use the 22 
answer from part (a) to find an approximation for ℎ(1). 23 
 24 
Part d: 25 
 26 
Students were told that the Maclaurin series for ℎ converges to ℎ(𝑥𝑥) for all real numbers 𝑥𝑥.  27 
Students were also told that the individual terms of the series for ℎ(1) alternate in sign and 28 
decrease in absolute value to 0.  Students were then asked to show that the approximation found 29 
in part (c) differed from ℎ(1) by at most 0.45 using the alternating series error bound. 30 
 31 
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General scoring guidelines for the problems: 32 
 33 
Part a: (2 points) 34 
 35 
In this part, student work was read for a correct third-degree polynomial.  The first point came 36 
for any two of the four correct terms.  The second point was earned for the other two correct 37 
terms.  This point was lost however if students treated their answer as a series instead of a 38 
polynomial by including a tail (+⋯ ).  If students lost the point for adding the tail in this part, 39 
they were inoculated for this error in part (b).  Throughout this question though, readers were 40 
allowed to read the equals sign (=) as approximately equals (≈).  The second point was also lost 41 
if students presented any terms beyond the cubic term. 42 
 43 
Students who entered this question performed well on this part.  Some students struggled with 44 
determining 𝑓𝑓′(0) from the given graphs.  A few forgot to divide by the respective factorial for 45 
each term. 46 
 47 
Part b: (2 points) 48 
 49 
Students earned the first point for the first three nonzero terms for the Maclaurin polynomial of 50 
𝑒𝑒𝑥𝑥.  Students could give these terms as part of a polynomial, a series, or simply list them.  These 51 
terms could not appear only in the student work leading to the Taylor polynomials for 𝑒𝑒𝑥𝑥𝑓𝑓(𝑥𝑥).  52 
If these three terms were not by themselves or explicitly linked to 𝑒𝑒𝑥𝑥, then the student did not 53 
earn the first point. 54 
 55 
The second point was earned for the correct second-degree Taylor polynomial for 𝑒𝑒𝑥𝑥𝑓𝑓(𝑥𝑥) about 56 
𝑥𝑥 = 0.  The product of the two polynomials must be performed and the second-degree 57 
polynomial returned with terms collected.  If students presented these terms with a tail (+⋯) or 58 
higher degree terms, then the second point was lost unless previously inoculated in part (a). 59 
 60 
Students could still earn this second point even if they did not earn the points in part (a).  If 61 
students imported a second-degree polynomial with three terms from part (a), they were still 62 
eligible in part (b).  Students could also use incorrect terms for 𝑒𝑒𝑥𝑥 in earning the second point as 63 
long as their incorrect terms included a constant term, a linear term, and a quadratic term. 64 
 65 
Many students who performed well on other parts of this question struggled with part (b).  Some 66 
students did not know how to properly multiply the terms for 𝑓𝑓(𝑥𝑥) and 𝑒𝑒𝑥𝑥.  Other students 67 
performed the multiplication but failed to collect the coefficients for each respective power of 𝑥𝑥.  68 
Others did not attempt the multiplication of the two polynomials, instead calculating the 69 
coefficients individually by differentiating 𝑒𝑒𝑥𝑥𝑓𝑓(𝑥𝑥) the necessary number of times.  While some 70 
students were successful using this method, it consumed much more time than the alternative 71 
method. 72 
 73 
Part c: (2 points) 74 
 75 
Students earned the first point for the correct antiderivative of the polynomial in part (a).  The 76 
second point was earned for the numerical answer.  If students made only one error in the 77 



antidifferentiation, they could still earn the antidifferentiation point.  Students could import an 78 
incorrect third-degree polynomial from part (a) and earn both points if the imported polynomial 79 
had at least two terms and the definite integral was performed correctly.  If student made an error 80 
in antidifferentiation with an import, then the reader could read with the student only if the 81 
imported polynomial had four terms. 82 
 83 
Many students substituted the values of 0 and 1 into 𝑓𝑓(𝑥𝑥) without calculating the antiderivative.  84 
It was unclear the reason students failed to perform this step.  Other students though 85 
differentiated 𝑓𝑓(𝑥𝑥) in an attempt to find ℎ(𝑥𝑥).  This seemed to be a mental slip in the 86 
relationship between 𝑓𝑓(𝑥𝑥) and ℎ(𝑥𝑥). 87 
 88 
Part d: (3 points) 89 
 90 
The first point in this part was earned for using the fourth-degree term of the Taylor polynomial 91 
for 𝑓𝑓 about 𝑥𝑥 = 0.  To earn this point, students needed a term from a power series with evidence 92 
of anti-differentiation.  This term could appear in a polynomial or a series.  Explicit use of an 93 
integral sign was not necessary for this point.  Any error in anti-differentiation would come off 94 
the second point. 95 
 96 
The second point came for evaluating the fifth-degree term for ℎ at 𝑥𝑥 = 1.  The student needed 97 
to commit to this term.  If this term was part of a sum, then the point would not be earned.  98 
Linkage errors would come off this point.  Linkage errors are when a student equates two 99 
expressions which are not equivalent.  Students frequently use an equal sign as punctuation in 100 
their work.  The Chief Reader Stephen Davis frequently says that “Equals is a verb, not 101 
punctuation” when referring to this mistake. 102 
 103 
Two things were required by the student work to earn the third and final point of this part.  First 104 
the student’s solution needed some explicit reference to the error.  This could be as simple as the 105 
word error, an algebraic expression for the difference, or a verbal description.  The second thing 106 
required was a connection to the value given in the problem, that is 0.45.  The decimal 107 
representation of this value or the fraction 45

100
 were necessary.  Connections with any other 108 

numerical representations of this value could not earn this point.  The reader could read less than 109 
(<) as (≤) in this part. 110 
 111 
Many students were unable to connect this part of the question with the necessary information 112 
from the stem to find the first omitted term.  Other students used the first omitted term of the 113 
Maclaurin polynomial of 𝑓𝑓(𝑥𝑥) instead of that for ℎ(𝑥𝑥). 114 
 115 
Some students performed the calculus correctly but failed to earn the final point because they 116 
chose to use mathematical notation which was incorrect to answer the problem.  This usually 117 
materialized as student attempted to make use notation such as 𝑅𝑅4(1) ≤ |ℎ(1) − 𝑃𝑃4(1)|.  118 
Without defining these terms, the reader could not award credit to the student for making a 119 
reference to error.  Some students attempted to show that the alternating series error bound was 120 
applicable, even though the problem explicitly stated the conditions for it and instructed students 121 
to use it.  A large number of students even tried to use Lagrange Error.  122 
 123 



Observations and recommendations for teachers: 124 
 125 
(1) Many students struggled with the simple act of dividing a fraction by a factorial.  This led to 126 
students with good calculus work losing points for poor arithmetic.  It cannot be emphasized 127 
more that both arithmetic and algebraic simplification are unnecessary.  Students should perform 128 
only the calculus necessary to answer each question.  Any additional mathematical computations 129 
simply use times better spent elsewhere and open the student for opportunity to lose points 130 
already earned. 131 
 132 
(2) The Course and Exam Description specifically names four functions when referencing Taylor 133 
and Maclaurin Series (LIM-8.F.1 and LIM-8.F.2).  These four are 1

1−𝑥𝑥
, 𝑒𝑒𝑥𝑥, sin 𝑥𝑥, and cos 𝑥𝑥.  134 

Students should be required to commit the first four nonzero terms and the general terms for the 135 
Maclaurin series of these functions. 136 

 137 
(3) Constructing Maclaurin Series from the previously mentioned series is an important skill for 138 
students.  While substitution, differentiation, and antidifferentiation are the common operations, 139 
students should get practice computing the product of series.  One useful exercise is to have 140 
students multiply and find the Maclaurin series for sin 𝑥𝑥 cos 𝑥𝑥 and have them compare it to the 141 
Maclaurin series of sin 2𝑥𝑥 obtained using substitution. 142 
 143 
(4) Students are frequently asked to determine a Taylor polynomial by antidifferentiating a 144 
polynomial found in a previous part.  Students should be encouraged to provide an answer to 145 
these previous parts even if they do not know the proper method.  With the guidelines given to 146 
readers for imports, students then have an opportunity for points on later parts.   147 

 148 
(5) Many students, after using good calculus work, failed to earn the third and final point on part 149 
(d).  If the students had simply restated the question as an answer, this point would have 150 
awarded.  With the appropriate work to earn the first two points, the student could simply have 151 
stated “Therefore the approximation in part (c) differs from ℎ(1) by at most 0.45” and earned the 152 
last point.  Students should be encouraged to answer the question that was asked.  By rephrasing 153 
the question as an answer, student can often make a connection from their mathematical work to 154 
earning the points for it. 155 

 156 
(6) The Mathematical Practice of Implementing Mathematical Processes includes the skill 157 
“Explain how an approximated value relates to an actual value.”  Teachers should take early 158 
opportunities to discuss the relationship between an actual and approximated value.  This could 159 
be done any time an approximated value from a graphing calculator is used.  By emphasizing the 160 
relationship, teachers can build a foundation for the understanding of the relationship between 161 
Taylor Series and Taylor polynomials. 162 
 163 


